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Abstract. A partitioned iterative method based on hierarchical decomposition is proposed for
providing numerical modeling and analysis of the piezoelectric energy harvester which is in-
volved in coupled fluid-structure interaction, coupled electro-mechanical, and a controlling
electrical circuit for piezoelectric structural applications in energy harvesting. This circuit-
integrated piezoelectric structural application in energy harvesting surrounded by fluid media
takes the form of natural four-way coupling of fluid flow, the structure, the electromechanical
effect of the piezoelectric material, and the electrical circuit. This can be formulated exactly
as a fluid-structure-piezoelectric-circuit interaction. These coupled four fields are hierarchi-
cally decomposed into the fluid-structure interaction, structure-piezoelectric interaction, and
piezoelectric-circuit interaction interactions. Then these subsystems are decomposed into each
field. The proposed finite element method enables to reuse of existing techniques because of
its modularity. Furthermore, scalability to multiphysics and multisystem couplings is expected.
There are some numerical approaches in particular monolithic coupling methods are studied
which are computationally expensive and leads to an ill-conditioned coefficient matrix. Nev-
ertheless, accurate modeling for predicting the characteristics of this four-way coupling using
partitioned methods has not yet been developed. This method enables an investigation of piezo-
electric structures in fluid with complex geometry, material composition, and attached electrical
circuits to the harvester. A flexible piezoelectric bimorph harvester in the converging channel
is analyzed to demonstrate the efficiency of the proposed method. The results indicate that the
method captures the coupled effect accurately.

1 Introduction

The circuit-integrated piezoelectric devices surrounded by fluid media take the form of nat-
ural four-way coupling of fluid flow, the structure, the electromechanical effect of the piezo-
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Figure 1: Subdomains of the multiphysics coupled problem

electric material, and the electrical circuit. This type of multiphysics coupling is a common
phenomenon that appears in flow-induced piezoelectric energy harvesting [1, 2]. As shown
in Fig. 1, this piezoelectric energy harvesting technology simultaneously involves the coupled
interaction of a composite piezoelectric structure and a surrounding fluid, the electric charge
stored in the piezoelectric material, and a controlling electrical circuit attached to the harvester.
The large deformation of a thin piezoelectric device by the fluid flow causes a strong interaction
with the electric field and the surrounding fluid, and inversely, these two fields significantly
affect the structural behavior. Also, the electrical charge in the circuit affects the electrome-
chanical behavior of the piezoelectric oscillator because of the coupled direct-piezoelectric and
inverse-piezoelectric effects. At the same time, the piezoelectric device behaves as a kind of ca-
pacitance for the circuit, which affects the electrical charge in the circuit. This can be formulated
exactly as a fluid-structure-piezoelectric-circuit interaction. To predict the functional properties
of such smart future devices and to increase their performances, a mathematical and numerical
model of the complex physical system is required to allow a systematic computational analysis
of the complex phenomena and multiphysics coupled properties.

On the mathematical modeling front, Amini et al. [3] recently proposed a numerical model
for modeling piezoelectric energy harvester from fluid-structure interactions. Their numerical
model was a combination of FEM for structure-piezoelectric-circuit interaction in which single
degree of freedom (SDOF) is used for electric circuit and open FOAM solver for fluid. In their
finite element models considered a linear variation of electrical potential through-the-thickness
of the piezoelectric continuum. Several research works [4–12] clearly pointed out that the elec-
tromechnical coupling is partial in case of a linear approximation. Yang [13], Klinkel and
Wagner [14] was demonstrated that linear approximation was incorrect. Further, Yang [13] in-
vestigated and shown that a quadratic approximation of electric potential through-the-thickness
of the piezoelectric continuum is necessary in bending-related problems. Akaydin et al [15].
analyzed energy harvesting from unsteady turbulent flow by placing a piezoelectric beam in
the wake of a circular cylinder at high Reynolds number. They used commercial FLUENT soft-
ware to analyze the coupled interactions of the aerodynamics of turbulent flow, the piezoelectric
structure under vibration, the electrical response of the piezoelectric material and the harvester
electronic circuit. They used SDOF model for the piezoelectric beam. Both the piezoelectric
structure and electric circuit governing equations are reduced to a second-order- ordinary dif-
ferential equations. Erturk et al [16] investigated that SDOF model may yield highly inaccurate
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Figure 2: Hierarchical decomposition of the fluid-structure-piezoelectric-circuit interaction .

results for transverse vibrations of piezoelectric beams and can not accurately predict the power
outputs of the harvester. Very recently, Ravi et al. [17] had proposed simultaneous solution
method also called as monolithic method wherein the fluid, the piezoelectric structure with
electrode, and the electrical circuit is formulated as a single monolithic equation and solved
simultaneously using FEM. Monolithic method solves the coupling term directly, that is, it is
strongly coupled, and as a consequence, it is numerically stable and accurate in general [18–
20]. Nevertheless, this formulation leads to an ill-conditioned coefficient matrix [21–23]. Also,
software modularity is difficult with monolithic methods, that is, it is difficult to reuse the exist-
ing technologies developed in different domains, and ad hoc software development is required
[10, 24]. Therefore, development of a numerical simulation for fluid-structure-piezoelectric-
circuit interaction using FEM considering software modularity, scalability to multiphysics and
multisystem coupling, strong coupling, and solution accuracy is very important. This can be
expected using a partitioned iterative coupled algorithms [25–29].

In the proposed method, the fluid-structure-piezoelectric-circuit interaction system is de-
composed into subsystems hierarchically. This system is decomposed into the fluid-structure
interaction (FSI), structure-piezoelectric interaction, and piezoelectric-circuit interaction us-
ing a iterative algorithm is similar to the partitioning of structure-piezoelectric-circuit inter-
action [30, 31], structure-piezoelectric interaction [11, 12], fluid-structure-piezoelectric inter-
action [25], and fluid-structure-electrostatic interaction[26]. This type of framework can be
characterized as hierarchical decomposition. Here, the FSI subsystem is further split into the
fluid-structure velocity field and the pressure field using the projection method [32]. Then,
the structure-fluid velocity field is further partitioned into the structure velocity field and the
fluid velocity field using the explicit time integration for the fluid. The structure-piezoelectric
interaction is decomposed into the structure field (inverse-piezoelectric field) and the direct-
piezoelectric field. Similarly, the piezoelectric-circuit interaction system is decomposed into
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the direct-piezoelectric field and the circuit. In essence, the fluid-structure-piezoelectric-circuit
interaction system is decomposed into each field of four distinct fluid, structure, direct piezo-
electric, and circuit solvers, as shown in Fig. 2. A thin flexible piezoelectric bimorph harvester
in a converging channel is solved using the proposed method. Results demonstrated that the
proposed method is accurate analyzes coupling phenomena.

2 Strong-form governing equations

The complete set of mathematical model equations of the strong-form governing equations
of the coupled problem of the fluid, structure, piezoelectric material connected to the elec-
trodes, and the electrical circuit is given here. Eqs. (1)–(4) represents the Navier-Stokes equa-
tions for an incompressible fluid. The arbitrary Laqrangian-Eulerian formulation is employed.

ρf v̇fi + ρf (vfj − v̂fj )vfi,j = σfji,j + ρfgfi in Ωf

(1)

vfi,i = 0 in Ωf (2)

vfi = v̄f
i in Γvf (3)

σfij.n
f
j = ḡf

i in Γσf , (4)

Eqs. (5)–(9) represents the inverse piezoelectric effect of the piezoelectric material. Thesed
equations also represents elastic structure if piezoelectric constant tensor eijk is zero. In the
domain occupied by the piezoelectric material, the present electric field representing the direct-
piezoelectric effect is described by Eqs. (10)–(14). For the piezoelectric material, constitu-
tive relations (6) and (11) represent the electromechanical coupling (inverse-piezoelectric and
direct-piezoelectric interaction) through the piezoelectric constant tensor eijk

ρv̇i = σji,j + gi, in ΩP (5)

σij = CE
ijklSkl − ekijEk in ΩP (6)

Sij = 1/2(ui,j + uj,i) in ΩP (7)
σijnj = ḡi in ΓσP (8)

ui = ūi in ΓuP (9)

Di,i = q in ΩP (10)

Di = eiklSkl + εSikEk in ΩP , (11)
Ei = −φ,i in ΩP (12)

Dini = q̄, in Γq
P (13)

φi = φ̄i in Γφp (14)
Eqs. (15)–(19) describes electrical circuit attached to the electrodes covering the piezoelectric
material. Eq.(15) represents the electrical circuit described using Kirchhoff’s lawwith load re-
sistance R. Eq.(19) represents the equi-potential condition on the electrode making use of the
surface boundary charge q̄ in (13). Eqs.(19) and (30) are the potential continuity and charge
continuity, respectively, representing a native coupling between circuit and the electrode.

RQ̇+ Vp = Vc in Γe (15)
φ̄+ − φ = 0 in Γ+

e (16)
φ̄− − φ = 0 in Γ−e (17)

Vp = φ̄+ − φ̄−. in ΓeP (18)

Q =

∫
Γ+
e

q+ dΓe = −
∫

Γ+
e

q+ dΓe (19)

The interaction conditions on the interface between the fluid and the piezoelectric structure
are imposed using the following geometric compatibility (20) and equilibrium conditions (21):
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vf
i = vi ≡ vfs

i , on Γfs, (20) σf
ij.n

f
j + σij.nj = ḡfs

i , on Γfs, (21)

3 Finite element equations and coupling strategy

The weak form involving the unknown variables of fluid velocity vf , fluid pressure Pf ,
piezoelectric structure velocity v, the electrical potential with in the piezoelectric material φ,
and the total circuit charge Q is obtained using the weighted residual method for the above
set of strong form governing equations. Employing the standard finite element discretization
procedure leads to an algebraic set of equations and using heirarchical decomposition and par-
titioned iterative solver for system of algebraic equations one obtain a solution method for the
multiphysics problem. Eqs. (22)–(25) represents the finite element spatial discretization to
the incompressible Navier-Stokes Eqs. (1)–(4). Eqs.(26) and (27) represents the FE coupled
inverse-piezoelectric and direct-piezoelectric effect of a piezoelectric material. The pure struc-
tural part of this coupled system is obtained using Eq.(26) with Kuφφ = 0 shown in Eq.(28).
Similarly the electrodes are analyzed using pseudo-piezoelectric method leading to Eqs.(28)
and (29) [12, 33, 34],

LM
faf + Nf + Cfvf −Gfpf = gf , (22)

TG
fvf = 0, (23)

vfs
c ≡ vf

c = vc (24)

Qf
c + Qc = gfs

c , (25)

Muuü + Kuuu + Kuφφ = g, (26)
Kφuu + Kφφφ = qext + qc (27)

Muuü + Kuuu = g, (28)
Kφφφ = qext + qc, (29)

Eqs.(30) and (31) represents the continuities of the electric potential and the electric charge at
the interface between the piezoelectric continuum connected to the electrodes and the electric
circuit,

Vp = φ̄+ − φ̄− (30) qc =

∫
Sc

Nφ (Q/Sc) dS −
∫

Sc
−

Nφ

(
Q/Sc

−
)
dS, (31)

where Mf is the mass matrix of the fluid, Nf is the convective term vector of the fluid, Cf is
the diffusion matrix of the fluid, Gf is the divergence operator matrix of the fluid, af is the
acceleration vector of the fluid, vf is the velocity vector of the fluid, pf is the pressure vector of
the fluid, gf is the external force vector acting on the fluid, Qf is the equivalent internal force
vector including all effects of the fluid, Q is the equivalent internal force vector including all
effects of the piezoelectric structure, the subscript L stands for lumping of the matrix, and the
subscript T stands for transpose of the matrix. In the ALE formulation, the fluid convective
term Nf is expressed as Nf(vf − v̂f)vf , where Muu is the mass matrix of the piezoelectric
structure, K is the mechanical stiffness matrix of the piezoelectric material, Kφφ is the dielec-
tric stiffness matrix of the piezoelectric material, Kuφ is the piezoelectric coupling coefficient
matrix of the piezoelectric material, u is the vector of the mechanical displacements, φ is the
vector of electric potentials, g is the vector of the external mechanical forces, qext represents
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Figure 3: Analysis flow of the proposed hierarchically decomposed partitioned iterative algo-
rithm for the fluid-structure-piezoelectric-circuit interaction

the vector of the external surface density charges on the piezoelectric material and qc repre-
sents the vector of the external charge supplied by the circuit. Fig. 3 shows the analysis flow
chart of the proposed method for the fluid-structure-piezoelectric-circuit interaction using the
partitioned iterative algorithm. The projection method [32] using the algebraic splitting is used
to solve the fluid-structure interaction. And finally, all the fields are coupled using loop union
through Block Gauss-Seidel iterative procedure, as shown in Fig. 3.

4 Numerical example: A thin flexible piezoelectric bimorph harvester in a converging
channel

4.1 Problem setup

A flexible piezoelectric bimorph harvester in the converging channel is analyzed in order
to demonstrate the coupling between fluid, piezoelectric structure, and the circuit. The fulud
domain is modeled using stabilized linear equal-order-interpolation velocity-pressure elements
[35] (2,982 nodes and 8,400 elements), the structural part of the piezoelectric structure is mod-
eled using mixed interpolation of the tensoral components shell elements [36] (22 nodes and 10
elements), while the electrical part of the piezoelectric bimorph is modeled using 20 node hexa-
hedron solid elements (503 nodes and 60 elements). The fluid is air and the bimorph is made of
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(a) Flexible piezoelectric bimorph energy harvester in fluid channel (b) Close view of harvester in fluid.

Figure 4: A flexible piezoelectric bimorph energy harvester in a converging fluid channel sub-
jected to mechanical base excitation ubase and attached to an circuit with load resistance R.

PZT-5A material. The base acceleration of level is set as a0 = 9.81m/s2. The forced displace-
ment at the fixed end of the bimorph x = 0 as a function of time t is given as ubase = u0sinωt, as
shown in Fig. 4. The forced acceleration amplitude a0 and the forced displacement amplitude
are related through u0 = a0 ω

2, where ω is the excitation frequency in rad/sec. The value of
electrical resistance is set as R = 1.0MΩ to study open circuit condition and R = 1.0KΩ to
study short circuit condition. The time increment is set as 0.001 sec for open circuit, while
5.0 × 10−5 sec for short circuit condition, satisfying the critical time increment for electric cir-
cuit [30] and the Courant number condition for FSI. [32]. The bimorph dimensions are set as
length L = 250 mm, width w = 20 mm, and t = 2tp = 5.0 mm. The variables from the shell
elements (inverse piezoelectric solver) to solid elements (direct piezoelectric solver) and vice
verse are exchanged using a transformation method [11].

4.2 Results and discussions

Figures 5(a) and 5(b) shows the time histories of the tip deflection of the bimorph harvester
when excited at f = 40.0Hz (near resonance) and the fluid velocities at the fluid node at-
tached to the tip of the bimorph, respectively. As shown in these figures, we can see a beat
phenomena due to the resonance. The method can capture the resonance characteristic accu-
rately. Fig. 6(a) shows the time histories of the generated voltages due to the piezoelectric effect
flowing through the attached circuit at load resistance R=1.0MΩ (black curve: open circuit con-
dition) and R=1.0KΩ (red curve: short circuit condition). As shown in this figure, in the case
of short circuit configuration the voltage is very very less (close to zero) than that of the open
circuit condition because of the no piezoelectric effect, and therefore, no resistance is offered,
hence, the current is maximum in the circuit, and vice-versa, that is, the generated voltage is
maximum at open circuit condition, as shown in Fig. 6(b). The simulation results follow the
standard electric circuit theory.
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(a) (b)

Figure 5: Time histories of tip deflection of the bimorph (a) and the fluid velocity at the tip of
the structure (b).
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Figure 6: Time histories of generated voltage (a) and the current flowing through the circuit (b).
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5 Concluding remarks

In this study, a partitioned iterative method is proposed for the four-way coupling of fluid,
the structure, the electromechanical effect of the piezoelectric material, and the electrical circuit
based on hierarchical decomposition. These coupled four fields are hierarchically decomposed
into the fluid-structure interaction, structure-piezoelectric interaction, and piezoelectric-circuit
interaction interactions. Then these subsystems are decomposed into each field. Nevertheless,
accurate modeling for predicting the characteristics of this four-way coupling using partitioned
methods is first developed in this work. Using the proposed method, a flexible piezoelectric
bimorph harvester in the converging channel is analyzed to demonstrate the coupling between
fluid, piezoelectric structure, and the circuit. The results indicate that the method captures the
coupled effect accurately.
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