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ABSTRACT 

Computational homogenization and its Finite Element (FE) implementation is now well 

understood and widely used to model the multiscale mechanics of materials. An FExFE or FE² 

simulation relies on an FE model of a coarse domain which embeds other FE models of a fine 

domain at each of its integration points [1]. The fine domain should be a Representative 

Volume Element (RVE) capturing the fine aspects of the heterogeneity to be homogenized, so 

that the coarse domain can be modeled as homogeneous. This approach is relevant if the 

characteristic length of the heterogeneity is very small compared to that of the coarse domain, 

as it avoids representing this heterogeneity directly within the coarse FE mesh. 

The scale transition requires a mathematically sound homogenization theory providing the 

equations to solve at the coarse scale, and the boundary conditions to use at the fine scale [2]. 

There is a significant amount of litterature on FE² methods in solid mechanics, but not in fluid 

mechanics. One exception is steady flows through porous media, which are relevant for 

reservoir engineering and composites moulding applications among others [3]. 

In a recent study, it has been shown that computational homogenization is possible for steady 

incompressible flows with obstacles at the fine scale, even with the autoadvection term of the 

Navier-Stokes equations [4]. In this presentation, it is proposed to go even further and address 

unsteady flows. 

To reach this objective, several challenging problems will be solutioned: 

• First, it will be necessary to handle the incompressibility constraint both at the coarse 

and fine scales. Compatible FE discretization will be proposed to avoid instability. 

• Then, it will be necessary to implement a two-way coupling between the coarse and 

fine scale models. At each time increment, a nonlinear problem will be solved using 

an iterative Newton-Raphson procedure at the two scales. Coarse scale variables 

interpolated at integration points will provide boundary conditions for the fine scale 

problems. Fine scale solutions averaged over the RVEs will provide the terms of the 

equations to solve at the coarse scale. 

• One challenging aspect of the two-way coupling will be the computation of the tangent 

modulii for the linearization of the coarse scale equations. Several automatic 

differentiation procedures will be introduced for this operation. 

This original FE² approach for unsteady flows  will be implemented in the FEMS open-source 

software [5], [6]. Numerical results will be presented to demonstrate its accuracy with and 

without obstacles within the RVE. 
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