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Abstract. In this work three constitutive contact models that include softening are adopted
for particle model fracture studies in both rock and concrete. For a single local contact, the
constitutive contact model performance is initially compared in tensile, pure shear and shear
tests under constant axial. Additionally, compression, direct tensile, and confined triaxial tests
of quasi-britlle material discretized with spherical particles are presented and the predicted
macroscopic response is compared. For a single local contact, the three contact models predict
a similar behaviour. As shown, it is possible to calibrate each contact model to reproduce
complex macroscopic behaviour observed in rock and concrete, but each contact model requires
different contact properties or particle generation procedures.
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1 INTRODUCTION

Nowadays it is possible to predict, evaluate and understand cracking phenomena in quasi-
brittle materials through numerical models, among them detailed rigid particle models (PM)
that take directly into consideration the physical mechanisms and the influence of the material
grain structure. These models have gained relevance in rock [1], concrete [2, 3] and reinforced
concrete [4].

In this work a 3D rigid PM model is adopted that includes in an approximate way the
polyhedral particle shape but keeps the simplicity and the reduced computational costs of rigid
spherical particle models [4, 5]. The adopted VGCM-3D contact model, by enabling moment
transmission and adopting a bilinear vectorial simplified softening contact model, is able to
match the ratio of the compressive strength to tensile strength that occurs in a hard rock, the
proper macroscopic friction angle and to give a better agreement between the direct tensile
strength and the indirect tensile strength, which is not possible to obtain with the PM model
proposed in [1].

In concrete, to predict a response closer to that observed experimentally a PM contact model
that includes softening at the contact level may be required [2, 3]. For a brittle PM contact
model to be able to predict a response closer to that observed experimentally in concrete, it is
necessary to adopt a very detailed PM model that includes the heterogeneity that is present in
concrete at the meso-level, greatly increasing the PM associated computational costs [7].
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In concrete fracture studies a 3D PM model has been proposed that just requires the larger
aggregate particles to be included in the PM model and adopts a softening/hardening contact
constitutive law based on the concept of stress-strain boundary [8]. An elasto-plastic base
interface contact model has also been proposed for zero-thickness interface finite elements,
which also considers that concrete can be represented by the larger aggregate sizes embedded
in a matrix phase using 3D finite element technology [9].

In this work the performance of the constitutive contact models [2, 8, 9] is initially compared
in tensile, pure shear and compression/shear tests of a single contact. Additionally,
compression, direct tensile and confined triaxial tests of quasi-brittle material discretized with
spherical particles are presented and the predicted macroscopic response of the different
constitutive models is compared. It is shown that the macroscopic response predicted with the
three different contact models can be slightly different from each other for similar contact
properties, whereas a very similar behaviour is predicted for a single contact model. The way
the contact model handles the damage evolution under tensile/shear or compression/shear
strongly influences the overall macroscopic response.

2 PARTICE MODEL (PM)

2.1 Voronoi-generalized contact model (VGCM-3D)

In the adopted 3D Voronoi-generalized contact model (VGCM-3D) [5, 6], the contact
surface and the contact point location are defined by the VVoronoi tessellation of the spherical
particles gravity centers, Figure 1. The common Voronoi facet is the contact surface and the
vertexes of the Voronoi facet including the gravity centre of the Voronoi facet are considered
to be the local contact points locations, Figure 1. By incorporating the VGCM-3D contact
model, the PM model takes into account the polyhedral shaped particles in an approximate way,
but still keeps the simplicity of spherical particle models and does not require a significant
increase in the computational effort.

a) (t, n) plane b) (t, s) plane

Figure 1: VGCM-3D contact model with variable number of local points given by the Voronoi facet vertexes
and its gravity centre

Given the normal (k") and shear stiffness (k') of each local contact point, the normal and
shear forces increments are obtained following an incremental linear law:
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where Ax"" is the contact displacement normal increment stored as a scalar, Axl.U lis the

contact shear displacement increment stored as a vector and n; is the contact unit normal.

2.2 Local contact stiffness and local contact strength

The VGCM-3D contact stiffness is defined based on the Young’s modulus of the equivalent
continuum material (£) and on a constant that relates the normal and the shear stiffness spring
value (a):

E ®3)
kU1 = EA[C]]
k) = a k) )

where, AY!is the contact area associated with the local point j and 4 is the distance between the
particles centre of gravity. The contact strength properties are defined based on the maximum
contact tensile stress (o,,)), the maximum contact cohesion stress (t) and the local contact point
area:

Fryr]nax = Ont AE‘” (5)
Y= ) ®

2.3 Bilinear softening models

2.3.1 Vectorial bilinear weakening model (BL)

A bilinear softening damage model, Figure 2, can be adopted for the contact in the normal
and shear directions [2, 3, 4]. Given the current total contact damage the maximum values of
tensile and cohesive strength are reduced accordingly. The contact damage is given in an
approximate way by the sum of tensile and shear damage. In each direction, the damage value
is defined as a function of the maximum contact displacement in that direction.
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Figure 2: Bilinear softening under tension and shear contact constitutive model
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2.3.2 Microplane based model (MCP)

It is also possible to adopt a contact constitutive model based on the concept of stress-strain
boundary proposed in the framework of 3D PM models for concrete fracture [8]. The contact
model is based on a single stress-strain boundary, introducing the concept of equivalent stress,
0.4, Given by:

5 )
0= (o)) + 2

a

The local point normal contact stress, o;, and the local point contact shear stress, t,/, are
given as a function of the normal force, £, of the shear force, £V, and of the area of the contact,
AV, The equivalent stress-strain boundary allows the simulation of weakening and hardening
as a function of the equivalent contact stress state. This boundary is defined in terms of the
effective strain, €, and the coupling variable, o, and is represented by the function:

K(w)

go(w)

(8)

op (&, w) = () eXp{ (e1(e, w) — & (&, w))}
where the value of the difference (g, (e, w) — g,(¢, w)) = MaX{e, (e, w) — &y(¢, w), 0}}. The function
£0(g, w) represents the limit of deformation where the boundary is no longer equal to ¢,(w) but
has changed exponentially as a function of ¢, (e, w) — &,(e, w). The effective strain (¢) is obtained
from the expression:

£ =+/(e,))? + a (&/)2 9)

where the effective normal strain, &/, and tangential strain, ¢/, are obtained from the normal
displacement, x,,’, and tangential displacement, x//, and the inter-particle distance, d:

[ (10)
d

]
En]=x7”&£s] =

Figure 3 shows the function ¢,(w), which represents the boundary in the (o, t,) plane, and is
translated as:

o1 (w) if @ < wg (11)
0p2(w) if w > w,

op(w) = {

where tan w, = 1/5_35 corresponds to the point of intersection of the two curves, Figure 3a), and is

related to the angle of internal friction of the MCP contact model. The function gy, (w) represents
the boundary for high compressive stress states and is represented by an elliptical function equal
to:

(ts/)? 5 12)
2 g,

B
where o, is the maximum compressive stress at the contact. A value of B equal to 1.0 was
considered in this work. The function o,,(w) represents the boundary for tensile/ shear and

compressive/ shear stress states and is represented by a hyperbolic function, which relates the
shear stress at the contact t,/, with the normal stress at the contact o;], considering:

(o) +
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(13)
Ts] = /11\/(0_1{ — 0 — Ua)z - Uaz

When compared with the BL contact model, the MCP contact model allows a more complex
macroscopic behaviour to be predicted with a lower particle refinement and it has been shown
that it adequately represents concrete behaviour under complex loading patterns [8]. Contrary
to the BL contact model, the MCP model adopts stress boundary for high contact compression
values and the contact friction angle is an internal variable of the MCP model, Figure 3a). The
interaction between the shear and normal directions is handled through the concept of
equivalent stress.

2.3.3 Contact model based on plasticity theory (EP)

In a PM model in which concrete is represented by the larger aggregate sizes embedded in a
matrix phase using 3D finite element technology [9], a contact model has also been proposed,
in which cracking is defined based on a hyperbolic function, that allows a smooth transition
from tensile cracking to shear cracking, representing the yield surface, defined in terms of the
maximum tensile stress, cohesion and a frictional term:

Fio,®} = (t)2— (t1— o)1)’ + (T— 0, )2 =0 (14)

The plasticity function is also a hyperbolic function, which depends on an apparent cohesion
term (z, ) and an apparent friction term (), corresponding to a non-associated formulation:

(15)

Q{o,¥}= (TQ — Ongt McQ) + 2\/('551)2 + (TQ — Ont .UcQ)2 =0

The evolution of this surface is controlled by an internal variable (w,;) which is a function
of the work done during the fracture process.

O-r{dxn.crack] O}{ =0 (tension) (16)

dWeg = { .
(Ts] + Gr{ “c)d”xs.crack]” O-r{ <0 (COTineSSlOTl)

The maximum tensile stress, cohesion and frictional term evolution laws are controlled by
the internal variable (w,;) and the values of the fracture energy in mode I (G;.,,) and mode Il
(Grs). The details of the implementation of the EP model can be found in [9]. The EP contact
model, like the MCP contact model, allows a more complex macroscopic behaviour to be
predicted with a lower particle refinement when compared to the BL contact model. Contrary
to the BP and MCP contact models, the EP model allows dilatancy to occur at the contact level
and the maximum shear strength under pure shear is lower than the adopted maximum shear
strength, Figure 3b). The EP contact model also requires the integration of constitutive
equations that may not converge, whereas the BL contact model and in the MCP contact model
are just based on analytical expressions. The EP contact model also incorporates a degradation
of the frictional term which is not considered on the other models. and when non associated
plasticity is adopted it has, when compared with the BL and MCP contact models, a much
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higher number of unknowns that need to be calibrated.

Hyperbolic function

Elliptic function
~
(high compressive stress)

N

a) Microplane based constitutive model (MCP) b) Elasto-plastic based model loading surface and
plastic potential (EP)
Figure 3: Microplane based constitutive model (MCP) and Elasto-plastic based model (EP)

4 CASE STUDIES

4.1 Single particle/particle contact

The performance of the constitutive contact models is initially compared in simple tensile
tests (T) and in shear tests with an initial axial stress for a single VGCM3D contact, Figure 4.
The adopted contact properties under tensile (T) and shear tests (S&A) are defined in Table 1
and are similar to the values adopted in [9] where the EP contact model based on plasticity
theory is presented.

a) Tensile test (T) b) Shear test with axial force (S&A)
Figure 4: Single particle/particle test loading configurations
Figure 5 shows the tensile test stress-displacement curve for two different values of contact
energy in mode I. As shown, a higher contact fracture energy leads to a more ductile response.

The BL contact model approximates reasonably well the more complex response predicted with
the EP and MCP contact models, in which the softening branch is closer to an exponential.

Table 1 — VGCM3D single contact elastic and strength properties

E Py i Ont T Gf.n Gf.s Her To Ueo
(GPa) ¢ (MPa) (MPa) [N/mm] [N/mm] (MPa)
T 6.0 1.0 0.8 3.0 140 0.01 &0.05 0.1 0.2 - -
S&A 1125 1.0 0.8 3.0 45 0.03 0.07 0.2 450 0.04

Figure 6 shows the shear test stress-displacement curve for four different axial stress values.
The numerical predictions obtained with the different contact models in pure shear, Figure 6b)
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and with low axial stress values, Figures 6a) and 6c), follow the trends observed in the tensile
test, Figure 5.
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Figure 5: Single contact - Tensile stress vs displacement for different values of Gf.n

When compared with the BL and MCP models which adopt a constant frictional term, the
EP contact model, by adopting a residual frictional angle term, allows a more complex response,
Figure 6d). As shown in Figure 6d), in the MCP contact model the frictional term is an internal
variable that depends on the normal and shear stiffness spring value and on the value of tan w,,
Figure 3a). For the shear test example, and for an adopted uniaxial contact compression strength
of 43.2 MPa, the internal frictional term of the MCP contact model is 0.97. As shown in Figure
6 in pure shear, Figure 6b) the maximum strength in the EP model is lower than the maximum
shear strength predicted with the BL and MCP models that match the input strength value.
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4.2 Triaxial tests in a granite rock

The numerical uniaxial tests and the triaxial tests with lateral confinement pressure are
performed in cylindrical specimens with a diameter of 80 mm and a height of 160 mm, Figure
7. A uniform diameter distribution ranging from 6.0 to 9.0 mm was adopted, slightly higher
than the coarse grain of distribution of an Augig granite [10]. The uniaxial and triaxial tests
assemblies have on average 3000 particles with a total of 19420 VGCM3D contacts that
correspond to a total of 121304 local contacts, Figure 7. An equivalent continuum material (E)
of 44.4 GPa and a shear and normal stiffness spring value («) of 0.12 are the best fit contact
elastic properties that predict a macroscopic Young’s modulus of 25.8 GPa and a macroscopic
Poisson coefficient of 0.23 similar to the known Augig granite values [10].

b) Triaxial test
Figure 7: VGCM3D Granite Rock PM model
Table 2 presents the calibrated contact properties for each adopted contact constitutive
model. Figure 8a) shows the predicted strength envelope for each contact model when adopting
the best fit BL contact properties. Figure 8b) shows the predicted strength envelope for the best
fit calibrated contact properties. As shown in Figure 8a) the EP contact model adopting the best
fit BL contact properties predicts a similar macroscopic friction angle and a much lower contact
uniaxial compressive and triaxial strength values. With the MCP contact model following the
best fit BL contact properties a higher uniaxial compression and triaxial strength values are
predicted. The MCP model also predicts a much higher macroscopic friction angle.

Table 2 — Granite Rock — Calibrated VGCM3D contact properties

U, On.t T Gfn Grs Her To Heq Oc
(MPa) (MPa) [N/mm] [N/mm] (MPa) (MPa)
BL 0.05 14.0 77.0 0.07 21.0 - - - -
EP 010 140 395.0 0.07 70.0 0.05 5925.0 0.04 -
MCP - 13.8 35.0 0.06 18.0 - - - 105.0x103

Figure 8b) shows the strength envelopes numerically predicted with the best fit contact
properties for each adopted constitutive model. As shown, with an EP contact model it is
possible to obtain a good agreement with the observed experimental behaviour, namely the
uniaxial compression to tensile ratio, the macroscopic cohesion and the macroscopic friction
angle. With the MCP contact model the predicted macroscopic friction angle (= 61°) is slightly
higher than the observed experimental value (= 48°). With the MCP value it is necessary to
adopt a uniaxial contact compression strength of around 200 MPa in order to further reduce the
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macroscopic friction angle, but with a maximum contact compression strength, the predicted
stress-displacement response is much more ductile than the observed experimentally in a hard

rock [10].
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Figure 8: Granite Rock Strength Envelope

Figure 9 shows the axial stress-displacement response under uniaxial compression, Figure
9a), and for a confinement stress of 4.0 MP, Figure 9b). As shown, the numerical response
predicted under uniaxial compression is within the same range for the different contact models,
but for a higher confinement values the peak axial strength value predicted with the MCP model
is higher and the overall response is less brittle.
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Figure 9: Vertical stress-strain curves for the different confinement pressures

4.2 Concrete uniaxial tests

The tensile tests are carried out in a 50x100x100 mm geometry, and the compression tests
are carried out in a 100x100x100 geometry. The aggregate content with dimensions ranging
from 4.0 to 8.0 mm and from 8.0 to 16.0 mm, corresponding to 44 % of the total volume of the
aggregate size distribution, is taken directly into consideration in the adopted PM models [11].
For the particles representing the cement paste a uniform distribution of particles with a
diameter between 4.0 and 6.0 mm and a porosity of 0.1 is adopted in order to fill the void space.
In the compression uniaxial tests assemblies have on average 1100 particles representing the
aggregates and 8800 particles representing the cement paste, corresponding to a total of 60000
VGCM3D contacts that correspond to a total of 360600 local contacts, Figure 10.

Table 2 presents the calibrated strength contact properties for the BL contact constitutive
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model and the elastic strength contact properties that predict a macroscopic Young’s modulus
of 32.0 GPa and a macroscopic Poisson coefficient of 0.19, that are similar to the concrete
elastic properties adopted in [11]. As shown, similar contact properties are adopted for the
aggregate to aggregate (A-A) contacts and for the aggregate to cement paste (A-M) contacts.

a) Compression test b) Tensile test
Figure 10: VGCM3D Concrete PM model

Table 3 — Concrete — Elastic and strength BL calibrated VGCM3D contact properties
E Ont T an GfS
a Hc
(GPa) (MPa) (MPa) [N/mm] [N/mm]

AA_\'_A‘M& 674 02 02 690 20.00 0.006 1.3878

M-M 225 02 02 1035 30.00 0.032 9.3312

Figure 11 shows the axial stress-displacement numerical predictions under uniaxial tensile
and compression, including the numerical results predicted with a similar 2D PM model that
adopts a contact model closer to the BL contact model and adopts a FE discretization of the
aggregates embedded in a cement paste matrix [11]. As shown in Figure 11, with the BL best
fit contact parameters, the uniaxial predicted response with the EP and MCP contact models is
very similar to the response predicted with the BL contact model. This is because in a PM model
tensile test, the contacts where damage occurs are mainly perpendicular to the load direction,
and for this reason the contact stress state at these contacts is closer to a pure tensile loading.

Figure 11b) shows that the response predicted under uniaxial compression with the different
contact models, when compared to the tensile test, is more differentiated. With the EP contact
model, the maximum axial compression stress is much lower than the value predicted with the
BP model, which is due to the maximum shear strength given as input is not the maximum shear
strength under pure shear, or for tensile or low compression contact forces. The MCP contact
model predicts under compression state a maximum strength much higher than the response
predicted with a BL contact. This may be related to the way the contact shear force and the
contact normal force are considered to interact and how the equivalent effective stress affects
the stress-boundary evolution. Figure 11b) shows that when compared with the BL contact
model, the MCP model requires a lower ratio of the maximum tensile to maximum shear contact
strength, a similar behaviour was found to occur for a hard rock, see Table 2. Under uniaxial
compression, the MCP contact model has an associated time step run cost 40% higher than the
BL associated computational cost and an associated time step run cost 5% lower than the EP
contact model associated computational cost.

10
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Figure 11: Vertical stress-strain curves for the tensile and compression test

12 CONCLUSIONS

In this work the performance of different constitutive contact models that allow softening at
the contact level is compared adopting a 3D rigid PM model that includes in an approximate
way the polyhedral particle shape but keeps the simplicity and the reduced computational costs
of rigid spherical particle models.

It is shown that for a single contact point under tensile, pure shear and shear under constant
axial force, the contact models response has some similarities. It is also shown that for higher
axial forces the differences in the predicted responses are more noticeable.

In the triaxial tests of a granite rock that were carried out it is shown that it is possible to
predict the experimental hard rock behavior with the BL and with the EP contact models. With
the MCP contact model the predicted macroscopic friction angle is higher than the value
observed experimentally even for a low value of contact friction. It would be possible to predict
a similar macroscopic friction angle with a MCP contact model if a particle assembly with a
lower coordination number was adopted.

The axial tensile tests and compression tests on concrete specimens show that with the BL
best fit contact parameters the uniaxial tensile predicted response with the EP and MCP contact
models is very similar to the response predicted with the BL contact model. This is due to the
fact that in a tensile test the contacts where damage occurs are mainly perpendicular to the load
direction, and for this reason the contact stress state is closer to a pure tensile state. The response
predicted under uniaxial compression with the different models has more noticeable
differences. With the EP contact model, the maximum axial compression stress is much lower
than the value predicted with the BP model, which is due to the fact that the maximum shear
strength given as input is not the maximum shear strength under pure shear, or for tensile or
low compression contact forces. The MCP contact model predicts under a compression state a
maximum strength much higher than the response predicted with a BL contact which may be
related to the way the contact shear force and normal force are considered to interact and how
this parameter affects the stress-boundary evolution.

As shown, it is possible to calibrate the three contact models in order to make them reproduce
complex macroscopic behaviour. Under compression, the MCP contact model tends to predict
a less brittle behaviour when compared with other models and for rock fracture it may require
a particle assembly with a lower coordination number. The BL contact model is shown to be

11
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more suitable to use in detailed PM models due to the lower associated computational costs and
to the lower number of associated contact parameters that need to be calibrated.
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