
The 9th European Congress on Computational Methods in Applied Sciences and Engineering
ECCOMAS Congress 2024

3–7 June 2024, Lisboa, Portugal

REDUCING MESHING REQUIREMENTS FOR
ELECTROSTATIC PROBLEMS USING A GALERKIN

BOUNDARY ELEMENT METHOD

BENJAMIN MARUSSIG1, THOMAS RÜBERG2, JÜRGEN ZECHNER2,
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Summary. This work focuses on model preparation for electrostatic simulations of CAD designs
to realize a rapid virtual prototyping concept. We present a boundary element method (BEM)
allowing discontinuous fields between surfaces. The corresponding edges of the CAD model are
enhanced with the data required to integrate over non-conforming elements. Finally, we generate
a mesh for each CAD surface. The approach is verified via numerical experiments and shows
excellent agreement with conforming BEM results.

1 INTRODUCTION

We aim to develop a simulation tool for rapid virtual prototyping for electrostatics problems.
In particular, the focus lies on the computation of electric fields of CAD designs of electric
devices. For instance, Figure 1(a) illustrates the CAD model of an insulator from our industry
partner GIPRO, for which the interior electric field, as shown in Figure 1(b), is computed to
assess weaknesses in the design. The physical quantities of interest are commonly obtained by
using finite element methods (FEM).

But before FEM can be applied, two major challenges have to be addressed: First, CAD mod-
els are based on a boundary representation (b-rep), while FEM requires a spatial discretization
of the objects’ volume. Figure 2 indicates the interior volume of the insulator in Figure 1(a).
This volume has to be represented by a volumetric FEM-mesh. Moreover, the exterior domain
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(a) Insulator design (b) Electric field

Figure 1: Virtual prototyping example: (a) CAD model of the designed device and (b) the
related finite element solution of the electric field in the right cone for virtual design assessment.

Figure 2: Interior of Figure 1(a), where the right grid indicates the volumetric mesh for FEM
simulations.
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(a) Graphics display (b) Geometric representation

Figure 3: Trimmed CAD models: (a) cut through the model as shown to a user and (b) the
mathematical representation of its surfaces, which is the basis for the meshing process.

has to be meshed as well to account for the infinite extent of the fields. Second, even the CAD
b-reps are usually not ready for FEM simulations since they consist of trimmed surfaces. The
problem here is that the parametrization of such surfaces does not coincide with the visualized
object, as illustrated in Figure 3. These challenges manifest themselves as artifacts (inconsistent
orientations, large-scale overlap, small gaps and overlaps, singular vertices; see [3] for details)
during the meshing process. In the best case, these artifacts can be addressed by semi-automatic
schemes. Hence, they are an enduring and time-consuming problem for virtual prototyping.

This work presents an approach to reduce the extensive meshing efforts typically required
in electrostatic simulations and foster closer interaction with CAD designs and electrostatic
simulations. In particular, we propose a Boundary Element Method (BEM) combined with
enhanced edge data from trimmed surfaces. The overall approach circumvents the need for
volumetric meshing and allows for non-conforming surface meshes, which reduces the meshing
efforts to mesh each trimmed surface independently.

Section 2 introduces the BEM formulation, while section 3 details the data enhancement of
the CAD model. In section 4, numerical experiments demonstrate the overall virtual prototyping
capabilities.

2 BOUNDARY ELEMENT METHOD

For the conventional numerical analysis of electromagnetic fields with the FEM, the sur-
rounding air has to be incorporated into the analysis model. Its discretization may become
complex and time-consuming. Typically, the mesh has to be truncated at artificial boundaries
introducing additional modeling errors due to the infinite extent of electromagnetic fields. That
can be completely avoided by using a BEM, for which a discretization of the boundary is suffi-
cient. In this work, we target the simulation of epoxy resin insulators and bushings where the
dielectric material is considered to be linear. Thus, we utilize the BEM for the simulation of
the interior of the electric device too. This results in a simulation method that requires only a
surface description for the whole model. The comparison in Figure 4 clearly shows the reduced
meshing effort by choosing BEM for the simulation.
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Benjamin Marussig, Thomas Rüberg, Jürgen Zechner, Lars Kielhorn and Thomas-Peter Fries

− +

Figure 4: Electric field between two electrodes (left), its truncated discretization for the analysis
with the FEM (middle) and the surface discretization required for the simulation with the BEM.

Typically, conforming surface meshes are required for analysis. That means that neighboring
elements share a complete edge and all the nodes on it. Therefore, the creation of analysis-
suitable meshes is more difficult. To reduce that effort, we choose a Galerkin-based BEM
formulation that relieves the requirements for the mesh in such a way that non-conformal surface
elements are permitted at least along the b-rep boundaries and trimming lines.

2.1 ELECTROSTATICS

The electrostatic field equations result from Maxwell’s equation by removing all time deriva-
tives:

∇×E = 0, ∇ ·D = ρ, ∇×H = 0, ∇ ·B = 0 (1)

In this case, the electric field E and electric displacement D are decoupled from the magnetic
field strength H and flux density B, which are not considered any further. For the solution of
equation 1, we use the scalar potential u with E = −∇u and the material law D = εE = −εrε0E
to obtain the Poisson equation

−∇ · ε∇u = ρ, (2)

where ε0 and ε denote the electric permittivity of the vacuum and the considered dielectric
material, respectively. εr = ε/ε0 denotes the dimensionless relative permittivity.

On the boundary between two regions, the electric transmission conditions have to be fulfilled,
that are the tangentional continuity of E and the normal continuity of D. For the scalar
potential, this leads to

γ+Du− γ−Du = 0 and ε+r γ
+
Nu− ε−r γ

−
Nu = 0, (3)

where γD denotes the Dirichlet trace and γN the Neumann trace. Furthermore, the +/− super-
scripts refer to the limit δ → 0 of the evaluation at x± δn, x ∈ Γ with Γ = ∂Ω and Ω ∈ R3. We
consider that there are no volume charges such that ρ = 0 and relate the surface charge density
σ = −εγNu with the scalar potential on the surface.

For the design of a bushing or insulator, the potential u on the electrodes is constant and
given by the applied voltage gE . The unknown quantities are the surface charge density σ on the
electrodes and the interfaces between dielectrics as well as the voltage u on the dielectric inter-
faces. So-called floating potentials, which may be sheets, hold an unknown constant potential.
The total charge on floating potentials is zero [2].
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2.2 BOUNDARY ELEMENT EQUATIONS

The single layer potential

u(x) =

∫
Γ
U(x,y)σ(y) dsy = (Sσ) (x) x /∈ Γ with U(x,y) =

1

4π

1

|x− y| (4)

fulfills equation 2 for unknown charge densities σ defined on the domain’s boundary Γ and with
ρ = 0. By applying the Dirichlet and Neumann traces, we end up with

γ±D(Sσ) = V (σ) =

∫
Γ
U(x,y)σ(y) dsy (5)

and

γ±N (Sσ) = [∓1
2I +K ′](σ) = ∓1

2σ +

∫
Γ
(∇xU(x,y)) · n(x) dsy (6)

where V denotes the single layer and K ′ the adjoint double layer boundary integral operator.
For the approximation of the surface charges, we use discontinuous shape functions φi span-

ning L2(Γ)

σ(x) ≈ σh(x) =

I∑
i=1

φi(x)σi. (7)

That particular choice allows the numerical approximation of the boundary integral operators
by means of a Galerkin method without any requirement on the continuity across elements in
the mesh.

Splitting electrodes (E), floating potentials (F ), dielectrics as well as the surrounding air
(D) through surface patches Γa, discretizing the boundary integral operators by means of the
above-chosen shape functions and the Galerkin method and by resorting with respect of the
given boundary data, we define a block system of boundary integral equations

∓1
2MDD +KDD KDE KDF 0

VED VEE VEF 0
VFD VFE VFF −HF

FD FE FF 0




σD
σE
σF
α

 =


0
gE
0
0

 . (8)

MDD is the mass matrix, whereas F and H are matrices that are derived from the zero-charge-
condition on floating potentials and α is their unknown voltage. The exact derivation of the
above system of equations would exceed the scope of this paper. Further details can be found
in [2] and the references therein.

2.3 MATRIX ENTRIES AND GEOMETRY INFORMATION

Considering the single layer operator for example, the matrix entries in equation 8 are

Vab[i, j] =

∫
Γa

∫
Γb

φi(x)U(x,y)φj(y) dsy dsx . (9)

As x → y, the integral kernel U(x,y) → ∞ becomes singular and special measures must
be taken into account for the calculation of affected matrix entries in KDD, VEE , and VFF .
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Three different types of singularity are distinguished for the Galerkin method, depending on the
pair of considered elements: 1.) identical elements, 2.) elements sharing a common edge, and
3.) elements sharing a common vertex [11]. Each case involves a different quadrature for the
evaluation of the corresponding entry [6].

The presented formulation allows a non-conforming mesh, thus elements need to be subdi-
vided in order to match one of the three types. There is nothing left to do for case 1, but if
non-conforming elements touch each other, the elements have to be subdivided with respect to
the hanging nodes of the other element and then classified case as 2 or 3. For the subdivision,
the location of the hanging node is required and to be provided by the geometry information.

3 CAD MODEL PREPARATION

3.1 SIMULATION DOMAINS AND BOUNDARY CONDITIONS

The initial step of virtual prototyping is the specification of the domains relevant to the
simulation. We do that directly in the CAD system by associating the surfaces of the CAD
model to groups representing a dielectric, an electrode, or a floating potential. Each group
represents a subdomain of the overall problem and includes information about the corresponding
boundary conditions. However, before performing the BEM simulation, we need to enhance the
surface data of each group, which is outlined in the subsequent sections.

3.2 ENHANCED TRIMMED SURFACE DATA

Non-uniform rational B-splines (NURBS) are the bread and butter technology in engineering
CAD systems because of their high representation power. Trimmed surfaces are also omnipresent
in such systems since they allow the application of NURBS to arbitrarily shaped surfaces. Con-
sider a surface-surface intersection (SSI), as shown in Figure 5. Instead of creating a new NURBS
surface with a parameterization fitted to the object defined by both surfaces joined at their in-
tersection, the display of the initial NURBS surfaces is only adjusted so that only a portion is

Figure 5: Surface-surface intersection (SSI) of two surfaces: (left) the restriction of the NURBS
parameter spaces to (right) the visualized surfaces in the CAD display.
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Figure 6: Data of trimmed surfaces: the initial surface, Si, the representations of the intersection
curve in the related parameter spaces, Ci, and the model space, C3D. The color of the parameter
spaces on the left matches the color of the related surfaces shown in the middle. The isoline-
vertex data, vi, is the enhancement required for the presented approach.

visualized [13]. The remaining parts are trimmed away, but the underlying mathematical repre-
sentation of the surfaces remains unchanged. While trimmed surfaces are an effective concept for
model visualization, they are not suitable for simulations in general. In fact, translating trimmed
surfaces into analysis-suitable representations is an intensive research area, e.g. [9, 15, 14, 8].

Thanks to the proposed BEM formulation, we can significantly reduce the effort for integrat-
ing trimmed surfaces into the simulation pipeline. The starting point is the standard data of a
trimmed surface. As indicated in Figure 6, it consists of the initial surface S, the trim curve
in the parameter space defining the visible area interface C, and a related representation of the
trim curve in the model space C3D. It is important to note that the different curves representing
the intersection do not coincide. They are all independent approximations with no link between
each other, as detailed in [13, 8]. We establish such a link by computing vertices, vi, that mark
the closest points of one surface’s isolines to the image of the other surface’s C. In Figure 6,
these points are displayed in black (in the top parameter space of S1) and white (in the bottom
parameter space of S2). The accumulation of these dots divides each Ci into four segments,
and their ends mark critical points of the own or intersection surface. Hence, they enhance each
trimmed surface with information about their neighbors and provide a connection between each
other.

Robustness is of utmost importance for the usability of the enhancement process. Concep-
tually, the segments are generated within the CAD tool (Rhino 7) using its inherent routines,
such as the provided closest point projection (CPP). Thus, the CAD model data is enhanced by
utilizing the validation checks of the design tool and does not require any data translation. On
top of that, we introduced a sequence of validations where segments are identified with several
iterations of CPP to assess if the results converge to an unambiguous solution.

3.3 NON-CONFORMING BEM MESHES

Figure 7 illustrates the overall workflow for preparing the BEM mesh. The CAD model
enhancement discussed in the previous subsection leads to Figure 7(c), where black bars along
the intersection indicate the additional vertex data. We emphasize that the black lines within the
surfaces are no surface isolines but help to mark the location of the final close-up in Figure 7(d).
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(a) Initial surfaces (b) Trimmed CAD model

(c) Trimmed CAD model enhancement (d) Enhanced non-conforming mesh

Figure 7: Analysis data workflow: black bars in (c) indicate enhanced segment vertices, and the
yellow bars in (d) indicate locations of mesh nodes in the elements of the neighboring mesh.

To obtain the final analysis model for virtual prototyping, we first mesh each trimmed surface
separately from each other. In other words, we make the meshing process as simple as possible.
In mesh generation, one distinguishes between unstructured mesh generation [10, 12] and (block-
)structured mesh generation [1, 7, 4, 5]. Here, we prefer a hybrid approach where a structured
mesh is used as a starting point, however, elements cut by the trimming curved are decomposed
into (unstructured) sub-triangles. Then, the vertices along the boundary of each mesh are
mapped to the adjacent elements of the neighboring surfaces. In Figure 7(d), yellow bars indicate
these locations. This mapping process takes the enhanced trim curve segments and utilizes this
data to link the position of a mesh vertex in one surface with the element of another surface
mesh, thereby providing the final missing link for the proposed BEM formulation.

The resulting mesh in the interior of a trimmed surface is conforming and non-conforming
only along its boundaries. The parameter space of non-conforming elements is enriched by the
location of an adjacent mesh vertex from another surface, allowing their proper subdivision for
the singular integration.

4 NUMERICAL EXPERIMENTS

In this section, we demonstrate the performance of the proposed BEM formulation that
uses the described non-conforming meshes with linear elements. The first example verifies the
implementation using a problem with an analytic solution. Then, we investigate the impact
of the non-conformity using a practical example of an electric device and compare the results
with a conforming simulation. In all examples, the mesh preparation steps are implemented as
a plugin of the CAD software Rhino 7.
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V + = 100 V − = −100ε0

Figure 8: Boundary conditions of the first problem with the vacuum’s permittivity ϵ0 and the
voltages V + and V − of the two spherical electrodes.
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σ

Figure 9: Non-conforming mesh and surface charge density of the spherical electrode problem.

4.1 SPHERICAL ELECTRODES

We consider two spherical electrodes in a vacuum with a voltage of ±100, respectively, as
indicated in Figure 8. The distance between the spheres is equal to their radius. Each sphere
is modeled with eight trimmed surfaces, which are meshed using different element types and
mesh sizes to enforce non-conformity along their boundaries. Figure 9 illustrates the resulting
discretization. Furthermore, the colors show the surface charge density σ obtained by the BEM
simulation.

To assess the quality of the results, we use the capacitance

C =
Q

V + − V − with Q(Γ) =

∫
Γ
σds (10)

where Q(Γ) is the total surface charge on the electrodes. For the displayed discretization, we
obtain a numerical capacitance of 9.612, while the analytic capacitance is 9.567. Thus, the
relative error is 4.7 · 10−3.

4.2 HIGH VOLTAGE BUSHING

This example considers the design of a high-voltage bushing shown in Figure 10. At the center
of the model is a cylindrical conductor with radius r and voltage VHV = 100. It is embedded
in a solid dielectric material with the relative permittivity εr = 5, while for the exterior domain
εr = 1. The related boundary ΓN is represented by two truncated cones (radii r and 7r, height
12r) and a cylinder (radius 7r, height 8r). Inside the solid material, five metallic cylindrical
foils surround the conductor. The distance between them is r, and their height is chosen such
that the distance to ΓN in the longitudinal direction is also r. The outermost foil is grounded;
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ΓN VGND = 0

VHV = 100

εr = 5

ΓF

εr = 1

Figure 10: Bushing model
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and THOMAS-PETER FRIES3

1Institute of Applied Mechanics,
Graz Center of Computational Engineering (GCCE),

Graz University of Technology
Technikerstaße 4/II, 8010 Graz, Austria
www.mech.tugraz.at, www.gcce.tugraz.at

e-mail: marussig@tugraz.at

2TailSiT GmbH
Nikolaiplatz 4, 8020 Graz, Austria

www.tailsit.com

3Institute of Structural Analysis,
Graz Center of Computational Engineering (GCCE),

Graz University of Technology
Lessingstraße 25/II, 8010 Graz, Austria
www.ifb.tugraz.at, www.gcce.tugraz.at

Key words: Computational Mechanics, BEM, Trimmed Models, CAD, Non-Conforming

Summary. This work focuses on model preparation for electrostatic simulations of CAD designs
to realize a rapid virtual prototyping concept. We present an indirect boundary element method
(BEM) allowing discontinuous fields between surfaces. The corresponding edges of the CAD
model are enhanced with the data required to integrate over non-conforming elements. Finally,
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σσ

Conforming

Nodes = 12300

Q(Γ) = −34.89

Non-conforming

Nodes = 9016

Q(Γ) = −35.68

Figure 11: Comparison of the surface charge density obtained by (left) a conforming mesh and
(right) a non-conforming one.

thus, the voltage is prescribed as VGND = 0. The other foils are floating potentials ΓF that shall
enforce a uniform potential distribution along the bushing’s surface.

We set up two BEM meshes for this model: the first utilizes a conforming quadrilateral mesh,
whereas the second re-meshes the cylinder of ΓN with coarse triangular elements. The upper
part of Figure 11 illustrates these two discretizations together with the computed surface charge
density σ. The lower part indicates σ along the foils. The conforming mesh has 12300 nodes and
is finer than the non-conforming one with 9016 nodes. There is no visual difference between the
results. Looking at the obtained total surface charges Q(Γ), the relative difference is 2.2 · 10−2.

5 CONCLUSIONS

The proposed concept minimizes the meshing effort for electrostatic simulations to integrate
CAD data more seamlessly into the simulation process. We propose a Boundary Element Method
(BEM), thereby circumventing the need for volumetric meshing by employing boundary integral
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equations. Furthermore, the formulation permits discontinuous field quantities, which allows the
mesh to be non-conforming. As a result, the meshing process can be carried out independently
for each trimmed surface of a CAD model, which mitigates meshing problems. To perform the
simulation with non-conforming meshes properly, we enhance the edge data of trimmed CAD
models. This process is done within the CAD system with no need for data translation and
with the same accuracy and robustness measures used to set up the model. Two numerical
experiments demonstrate the quality of the results from the non-conforming BEM simulation.
The current workflow relies on linear elements. In the future, we will investigate the impact of
high-order elements on the numerical simulation.
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