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Abstract. This paper presents a method to analyses the structural feasibility and
assemblability of the masonry assemblages composed of interlocking blocks. Interlocking
blocks with projections and depressions on their faces have relatively better structural
performance comparing to the conventional blocks with flat faces, during and after the
construction. Therefore, they can represent proper alternatives to the conventional blocks for
the seismic retrofitting of unreinforced masonry structures. Structural soundness and
assemblability of a model are both functions of the interlocking block geometry. The proposed
methods enable the designer to adjust the shape of the interlocking blocks, while meeting the
structural and assembling requirements. The paper first introduces an extension of the limit
analysis to the assemblages with corrugated interlocking interfaces having anisotropic sliding
behavior. Then, the work reformulates the extended limit analysis to develop a method to
measure the structural infeasibility due to the lack of sliding resistance at the interlocking
interfaces. This is called sliding infeasibility and the designer can minimize it during the
shape exploration. Finally, an assemblability method is presented to check if the designed
interlocking blocks can be assembled on the other blocks in contact. This method is added to
the extended limit analysis and the sliding infeasibility measurement method in form of a
geometric constraint that prevents modeling of un-assemblable structures.

1 INTRODUCTION

Recently, an exponential scientific interest can be observed in the investigation of the in-
plane and out-of-plane behavior of assemblages composed of interlocking blocks. Several
studies demonstrate that the static and dynamic load bearing capacities of such assemblages
increase when interlocking blocks are used instead of conventional blocks. Many works were
carried out to compare the structural performance of different interlocking shapes (corrugated,
cross-shaped, etc.) and to find the geometric parameters by which the structural performances
are maximized. Liu et al. [1] tested the in-plane capacity of the masonry walls composed of
corrugated joints with different cross sections. Totoev [2] and Hossain et al. [3]
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experimentally and numerically investigated the in-plane and out-of-plane behavior of the
walls with corrugated joints. The out-of-plane behavior of masonry walls with osteomorphic
blocks [4,5] and cross-shaped joints [6] were also studied, together with the more
conventional interlocking constraints [7-9]. Fang et al. [10], Sassu et al. [11] and Cipollini et
al. [12] carried out several interesting numerical and experimental analyses on the structural
behavior of wooden joineries with various shapes. Mousavian and Casapulla [13] extended
the limit analysis to the corrugated interfaces and performed the structural feasibility of such
assemblages as a function of the number and orientation of the locks, i.e., the projections and
depressions keeping the blocks together and preventing them from sliding.

Furthermore, interlocking blocks can increase the stability of such assemblages during the
construction phase. This can considerably decrease the needed formwork and improve the
quality of the workmanship. Therefore, interlocking blocks are good candidates for the
retrofitting of masonry structures, provided that the old damaged or missing conventional
blocks can be replaced by them. In fact, the insertion of these blocks may be allowed without
mortar, which can be lost during the time due to the chemical, physical, and mechanical
degradation. In sum, the use of such blocks can strengthen the restored assemblages by
increasing their bending and sliding resistances and improve the constructability during the
restoration process. To maximize the structural performance and constructability, the optimal
shape of each individual interlocking face can be found. The interlocking blocks with the
customized shapes can then be manufactured by advanced machines such as CNC mills. This
is in the same line of the classical stereotomy, which is a technique to cut each individual
block of an assemblage into a particular shape [14]. Finally, interlocking blocks can also
improve the thermal response of the walls, aiming to optimize the resources for interventions
[15].

In this framework, a plug-in has recently been developed to design assemblages of
interlocking blocks with corrugated shape and locks with rectangular cross section [13]. Limit
analysis methods, already developed for infinite [16] or finite isotropic associative [17-19] or
non-associative [20] conventional frictional joints, was extended to interlocking interfaces
with orthotropic sliding behavior [13,21]. This is governed by an associative friction model
along the locks and by the lock shear resistance, normally to the locks.

This extended limit analysis is herein reformulated to develop a method to measure the
sliding infeasibility (i.e. infeasibility due to violation of sliding constraints) by a numerical
value and to introduce assemblability issues. Given the measured sliding infeasibility, the
designer can adjust the number and orientation of the locks to minimize this value and reduce
the infeasibility in the model. Besides, the lock orientation initially chosen by the designer or
adjusted during the shape exploration to reduce the sliding infeasibility, must let the blocks to
be assembled or disassembled. When a block can only translate and not rotate, the block in
contact with the other blocks is immobilized in some directions, and free-to-move in the
others. Choosing the invalid lock orientations, the block can be immobilized (deadlocked) in
all directions. Figure 1 shows an example of the deadlocked situation for the central block,
which is an invalid model since the blocks cannot be assembled or disassembled.

The developed method follows the Assembly Path Planning (APP) [22] using Non-
Directional Blocking Graph (NDBG) developed by Wilson [23]. Given a number of objects in
contact, this method describes the directions along which an object cannot move because
those directions are blocked by the other objects in contact. When an object is immobilized in
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all directions, the object is so-called un-assemblable. Assembly Path Planning (APP) is one of
the major fields of the Assembly Planning AP studies in the manufacturing and industrial
engineering, investigating the optimal plans to assemble a whole product composed of smaller
parts. A comprehensive review on APP has been carried out by Ghandi and Masehian [24].

Figure 1: Block 4 cannot be assembled to Blocks B and C simultaneously.

Given an assembling sequence assigned by the designer, the proposed method finds all the
assembling paths along which the block is free to move to be assembled to the other blocks in
contact, which were assembled earlier. If no path can be found, the chosen lock orientations
for the block faces are detected invalid.

The extended limit analysis and the sliding infeasibility measurement method are briefly
introduced in Section 2, while Section 3 proposes a method to analyze the assemblability of
the model during the shape exploration, when the lock orientations change to reach the
structurally valid model. Some examples are investigated in the same section to demonstrate
the performance of the proposed methods. Finally, the conclusions are provided in Section 4.

2 METHOD OF SLIDING INFEASIBILITY MEASUREMENT

Mousavian and Casapulla [13,21] adopted the concave contact model [17,18] to extend
limit analysis to the interlocking corrugated interfaces having locks with rectangular cross
section (Figure 2a). Such extended limit analysis is herein applied by using the static
approach to find one of the possible stable solutions involving associative friction (equivalent
to the Coulomb’s friction in the static approach) at the contact interfaces. First, at each
interlocking interface, two types of failure planes are determined between the locks of two
interlocked blocks (dry joints) and between the locks and the main body of the interlocking
blocks (fracture planes) (Figure 2b). The locks and the main body of the blocks are considered
rigid enough. Merging the dry joint and fracture plane of a single lock, a number of contact
points can be distributed on the lock centerline. Internal forces on these points must
equilibrate the external forces applied to the block centroids under the following constraints:
a) the normal component » " of each internal force must be in compression, b) the tangential
component 7 ‘! along the locks must satisfy the associative friction model, c) the tangential
component 7 ? normal to the lock must be less than the shear resistance at each contact point.
This resistance is a portion p of the total shear resistance 7y of the lock, which is considered to
be To = (w s b), s and b being the lock thickness and length, respectively, and 7; the material
shear strength. The two options for the contact point distribution and shear resistance
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definition sketched in Figure 2¢ are chosen among others [13,21] since they provide the
closest shear-torsion behavior to the actual one obtained by a literature experimental test [25].

Solving the linear equilibrium equations under the compression, frictional and shear
constraints, the internal forces at the contact points, assumed as variables, are found.The
mathematical problem, solved by MATLAB’s lIsqlin using least square optimization, is
formulated as follows:

Coq-T + E=0 Equilibrium equation

subjected to:

17 <0 compression constraint Q)
- _,
|rf1| < u|r"| friction constraint
|rt2| <pTp shear constraint

where Ce, is the equilibrium coefficient matrix; ™, ﬁ’, 7tZ are the vectors of the normal
and tangential components along the locks, and parallel to them, respectively; 7 is a vector of
all the components of the internal forces; p is a vector of weights related to the shear
resistance at the contact points; E is a vector of the external forces and moments. When the

solver finds no solution (solver’s exit flag is greater than one) the model is recognized
structurally infeasible.
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Figure 2: a) Two interlocking blocks with a shared corrugated interface; b) failure planes at the interlocking
interface; c) two options for the contact point distribution and shear resistance definition.

The designer can adjust the geometric parameters of the model to remove the structural
infeasibility. However, it is usually difficult to guess how to change to parameters to reach a
feasible model. If the detected infeasibility can be measured by a numerical value, the
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designer can easily tune the parameters to reduce the measured infeasibility to eventually
minimize it.

Whiting et al. [25] proposed a method to quantify the structural infeasibility caused by the
tensile forces. Similarly, this work measures the infeasibility due to the tangential forces that
violate the sliding (friction and shear) constraints, namely sliding infeasibility. Given the
measured sliding infeasibility, the designer can adjust the geometric parameters of the
interlocking interfaces to minimize it.

The tangential forces can first get any arbitrary value and then the values that are out of the
sliding valid ranges are adopted in the optimization process to measure the sliding
infeasibility. In this method, however, the internal and external forces are constrained to be in
equilibrium and all the normal forces must be in compression.

The extended limit analysis in Eq. (1) is reformulated to develop this method. To this aim,
each individual tangential force r  in the vector of variables is replaced by two new variables
r'@and r so that: » ' = (r “ + r ), i.e., " parallel to the locks is replaced by the sum of 71
and 7 "'?, and similarly » 2 normal to the locks is replaced by the sum of » >* and r 2. While r
fla and r ¢ are respectively constrained to satisfy the friction and shear constraints, » "'” and r
2b can take any arbitrary value.

Then, with the objective function that tries to minimize » ** and r ?, the optimization
problem is posed as follows:

L
minz:[(r“b)2 + (r*2P)?]  Objective function
i=1

subjected to:

\ Coq T+HE =0 equilibrium equation 2
<0 compression constraint
i — . . .
|rt1a < u|r"| friction constraint
|rt2a <pT, shear constraint

The result of the objective function is defined as the sliding infeasibility measure.

2.1 Validation

The extended limit analysis and the sliding infeasibility measurement method have been
implemented to develop a plug-in within the grasshopper (GH) editor, using C# language to
model the single layer assemblage with stack bond pattern. The optimization problems are
solved by MATLAB solvers which are used as backend. The linear limit analysis and sliding
infeasibility measurement problems are solved by MATLAB’s Isqlin and fmincon methods,
respectively.

To validate the developed plug-in, a semi-circular arch is modeled with 10 m centerline
radius, 1 m depth, and 40 blocks under their own weight with 1 N/m? density. Figure 3 shows
the relation between the minimum thickness of an arch with conventional interfaces and the
friction coefficient. It can first be observed that the results obtained by the developed plug-in
are in good agreement with the results reported by Gilbert et al. [20] and Casapulla et al. [27].
Then, it is evident that the arch with thickness 1.06 m is structurally infeasible when the
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friction coefficient is less than 0.4. In this case, interlocking blocks with large shear strength
can be used to increase the sliding resistance of the interfaces.

Table 1, row 1, reports the sliding feasibility of the arch with 1.06 m thickness for different
lock orientations, when the friction coefficient p is 0.33. The results are obtained by the
extended limit analysis of Eq. (2). As expected, when the locks are parallel to the arch plane
(lock orientation n/2), the assemblage is still infeasible. Changing the lock orientation from
n/2 to 0 rad, the sliding resistance of the interfaces increases and eventually the assemblages
with lock orientation less than 0.9 rad are recognized feasible.

The second row of Table 1 displays the measured sliding infeasibility of the arch for the
different lock orientations. As expected, the infeasibility measure is reduced when the lock
orientation changes from n/2 to 0 rad. Considering that the sliding infeasibility measure of a
feasible model must be a number very close to zero, the infeasibility measures less than 0.1
reported in Table 1 may represent the feasible arch.

Table 2 reports the sliding feasibility of the arch with friction coefficient equal to 10, using
the extended limit analysis and also the sliding infeasibility measures for the different lock
orientations. As expected, all the models can be detected structurally feasible and their

measured sliding infeasibility is very close to zero.
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Figure 3: The thinnest semi-circular arch for different friction coefficients reported by the proposed method,
Gilbert et al. [20] and Casapulla et al. [27].

Table 1: Measure of sliding infeasibility for p 0.33; f and i stand for feasibility and infeasibility, respectively.

u\orientation (rad) 0 0.3 0.6 0.9 1.2 1.57
limit analysis 0.33 f f f f i i

sliding infeasibility measure 0.33 0.026 0.044 0.064 0.084 0.11 0.16

Table 2: Measure of sliding infeasibility for p 10; f and i stand for feasibility and infeasibility, respectively.

u\orientation (rad) 0 0.3 0.6 0.9 1.2 1.57
limit analysis 10 f f f f f f
sliding infeasibility 10 410 9<10* 0.001 0.002 0.007 0.01

measure
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3 ASSEMBLABILITY ANALYSIS

This section introduces a method to check the assemblability/disassemblability of a rigid
interlocking block. In this work, a block is only allowed to translate and not to rotate and at
every assembling sequence, only one block is added to the assemblage. The concept is to
investigate if there is at least one translational path through which the block can be assembled
or disassembled. Obviously, when a block can be assembled by translating it along a
direction, it can be disassembled along the opposite direction. Here, the algorithm detects the
disassemblability paths since the demonstration of the directions where an interlocked block
is blocked or free to move is more straight-forward.

When two 2D Objects 4 and B are placed side by side, as in Figure 4, Object 4 cannot
move along all the directions whose terminal points make circular arc c4” and Object B is
blocked by Object 4 in all the directions whose terminal points make circular arc cs’.
Combining these two circular arcs, the Non-Directional Blocking Graph (NDBG) of the
whole assembly is modeled. This graph invented by Wilson [23] has been widely used for the
Assembly Path Planning.

a) b)
Figure 4: a) Blocking directions for two Objects 4 and B; b) free to move directions for Objects 4.

Alternatively, Non-Directional Free Graph (NDFG) [28] can be used for Assembly Path
Planning as well, which is a combination of the circular arcs ¢/, representing the directions
where the objects are free to move. Assuming that Object B is fixed, Object A can be
disassembled from Block B only by translating along one of the directions represented by c.”.

When Objects 4 and B have two edges in contact (Figure 5), the circular arcs c41” and c4.”
represent the directions along which Object 4 is blocked by edges E; and E», respectively.
Union of c41” and c.2” makes c4” which represents all the directions along which Object 4 is
blocked by Object B. And eventually, subtracting c4’ from a circle, all the directions where
Object A is free to move is represented by c4'.

Figure 5: Blocking and free directions for Object 4, when Objects 4 and B have two shared edges.
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Similarly, for two 3D Objects 4 and B with three planar faces in contact (Figure 6),
sections of spheres s.41°, s42°, and s43° demonstrate the directions along which Objects 4 is
blocked by Faces F, F2, and F3, respectively. Union of s41°, s42”, and s43° makes s4° which
displays all the directions along which Object 4 is blocked by Object B. Subtracting s4” from
an entire sphere models 54/, which demonstrates the directions along which Object A4 is free to
move. When Object B is fixed, the semi-circular arc s4/ shows all the valid translational paths
through which Object 4 can be disassembled from Object B. It is worth noting that Objects A4
and B in Figure 6 are interlocking blocks having one lock and increasing the number of the
locks, 54/ does not change.

4 A

Mot 4
Fl '.-—,,-. — Fj
y s

U y )

V.

b b
Sa1 Sa2 543 54 s,

Figure 6: Blocking and free directions for Object A, when Objects A and B have three shared faces.

Moreover, when Object 4 is in contact with two fixed Objects B and C (Figure 7), two
circular arcs s4—s and s4—c displays the directions where Object 4 is free to move to be
disassembled from Objects B and C, respectively. To find all the directions through which
Object 4 can be disassembled from Objects B and C simultaneously, Object 4 should first be
abstracted to its centroid O and then, the arcs s4 5 and ss¢ can be modeled with their
centers passing through O. Intersection of s45 and s4¢ shows the paths along which Object
A is free to be disassembled from Objects B and C at the same time. It is evident that Object 4
can be disassembled from Objects B and C in Figure 7a while it is immobilized in Figure 7b.

This method is extendable to find the directions through which Object i can be separated
from fixed Objects 1 to i — 1, where objects are enumerated according to the disassembling
sequence assigned by the designer. With reference to Figure 8, arcs sit’ to si—;.;/ displaying
the directions where Object i is free to move to be separated from Objects 1 to i - 1,
respectively, are first modeled with their centers passing through the centroid of Object i.
Then, the intersection of these arcs displays the valid disassembling path for Object i. If the
intersection is null (Figure 8a), there is no valid disassembling path, and this shows that the
designed model is not assemblable/disassemblable. Therefore, the assemblability constraint
can be defined as follows:

V Object i 51']:—1 n sl.f_z n..n si’:_i_l *0 G3)



E. Mousavian, C. Casapulla

b)
Figure 7: a) Object A is free to move in two directions displayed by two red arrows; b) Object A is immobilized.

Figure 8: a) Object 4 cannot be disassembled from Objects 1, 2, and 3; b) Object 3 can be disassembled from
Objects 1, 2 along the red vector.

Introducing this constraint to both extended limit analysis (Eq. (4)) and sliding infeasibility
analysis method (Eq. (5)) prevents modeling of structure whose blocks cannot be assembled,
and the two formulations can be expressed as:
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Ceq-T + E=0 Equilibrium equation

subjected to:

Jrt = 0 compression constraint &)
|rf1| < /.4|r”| friction constraint
|rf2| <pT, shear constraint

n sl.f_z n..n Sif<—i—1 # @ assemblability constraint

Y Object i s/

i1

L
minZ(r“b)2 + (rt?b)2 objective function
i=1

subjected to:

{ CeqT+E=0 equilibrium equation (5)
m<0 compression constraint
|rf1“ < || friction constraint
|rf2a <pT, shear constraint

V Object i Sif<—1 ns/,n..ns/

(2 ici_1 = @ assemblability constraint

Apparently, changing the disassembling sequence, the assemblability of an assemblage is
changed. The ideal disassembling sequence allows the widest range of the lock orientations to
model the assemblable assemblage. Finding such ideal sequence will be perused in the future.

4 CONCLUSIONS

This work introduced novel methods to measure the sliding feasibility of an assemblage of
interlocking blocks and to check the assemblability of the blocks. It first introduced an
extension of limit analysis to the interfaces with orthotropic sliding behavior. The extended
limit analysis was then reformulated to develop a method to quantify and measure the sliding
infeasibility of a model. This helps the designer to minimize the sliding infeasibility easier.
Lastly, the assemblability analysis was described as a method to check if the interlocking
blocks can be assembled on the other blocks in contact, when they can only be translated to
their final positions in the assemblage. This method was integrated with the limit analysis and
the sliding infeasibility measurement methods, preventing the blocks of a structurally sound
assemblage to be immobilized, i.e., un-assemblable. In future, the work will be extended to
find the optimal assembling sequence by which the widest range of the structurally feasible
and assemblable lock orientations can be attained.
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