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SUMMARY

The equations produced by the finite and boundary element methods in structural mechanics are expressed
in different variables and cannot be linked without modifications. Conventional coupling methods of these
numerical techniques have traditionally been based on the use of classical Lagrange multipliers making
a direct connection of the two solids through their common interfaces using matching meshes and
altering the formulation of one of the methods to make it compatible with the other. In this work,
a discrete surface called frame is interposed between the connected subdomains to approximate their
common interface displacements, it is treated using a finite element discretization and connected to each
substructure using localized Lagrange multipliers collocated at the interface nodes. This methodology
facilitates the connection of non-matching finite and boundary element meshes avoiding modifications to
the numerical methods used and providing a partitioned formulation, which preserves software modularity.
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1. INTRODUCTION

The finite element method (FEM) and the boundary element method (BEM) are well-known and
established numerical techniques used for solving a wide range of engineering problems. Both
techniques coexist as effective design tools because they have their own range of applications; the
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BEM is well suited, for example, to treat homogeneous infinite domains with linear constitutive
models or regions of high stress concentration and the FEM is preferred when dealing with
heterogeneities or constitutive non-linearities.

As a proving of this are the efforts dedicated by many researchers to incorporate advantages
of one of these two methods into the other. Some examples are the treatment of infinite or semi-
infinite regions using boundary-type finite elements like the ones proposed by Felippa [1, 2] and
Peters et al. [3], or the works by Bonnet et al. [4] and Vodicka et al. [5] developing the symmetric
Galerkin BEM, a BE formulation that leads to symmetric and indefinite linear systems.

The main difficulty when mixing the FEM and the BEM is that the system of equations
produced by these two methods are expressed in different variables and cannot be linked without
modifications. That is the reason why many coupling techniques have been proposed trying to
alter the formulation of one method to make it compatible with the other, and finally combine
their advantages. An extensive literature survey on this topic can be found in Reference [6].

The first BEM-FEM coupling formulations were proposed in the pioneering works of
Zienkiewicz et al. [7,8] and Brebbia and Georgiou [9] that formulated the coupling problem
using two different points of view; the first one considers the BE region as a FE region, forcing a
symmetrization of the BE substructure on the basis of energy error minimization considerations;
and the second one tries to reformulate the FE region to make it compatible with the BE equations.

Later, many applications and improvements of these coupling techniques appeared, like the
work of Guarracino et al. [10] where a formulation to model and solve the classical soil-structure
interaction problem was developed based on coupling Somigliana’s equation in discretized form
for the elastic half-space with the system, which comes from the FE approximation of the structure.
They used a suitable fundamental solution and an appropriate discretization in order to obtain a
symmetric and positive definite system matrix, which enables a very simple coupling with matrices
coming from the structure. However, their symmetrical BE formulation is restricted to the half-
space case, making a node to node connection between the half-space and a structural frame
modelled using beam elements.

Other coupling methods soon appeared in many other fields, for example, Frangi [11] in fracture
mechanics and Belytschko and Lu [12] in structural and soil dynamics, proposed a new variational
formulation for FEM-BEM coupling in elastodynamics using a combined variational principle
with test functions that have to be continuous through the BE-FE interface. In time-harmonic
elastodynamic problems, Galan and Abascal [13, 14] used a variational approach to couple BEM
and FEM domains with coincident meshes at their common interfaces and Cloteau et al. [15],
Lie et al. [16] and Soares et al. [17] dedicated their efforts to study the numerical stability and
proposed different iterative resolution strategies to solve dynamical problems.

However, there are not many contributions considering the coupling between the FEM and the
BEM when dealing with non-matching meshes. The first attempts to provide more general coupling
procedures in elasticity started with the works of Hsiao et al. [18, 19] and Schnack and Tiirke [20].
The essential feature of their coupling procedure is the use of a generalized compatibility condition
which allows to relax the continuity requirements for the displacement field. In particular, the mesh
points of the BE region can be chosen independently of the nodes of the FE structure so that various
independent meshes can be connected via mortar-like elements on the interface. Following the
same idea, Fisher and Gaul [21] proposed a formulation to solve coupled acoustical fluid—structure
problems using mortar-like methods, where coupling is done using classical Lagrange multipliers
and the mortar method imposing a continuity condition at the interface. These formulations are
quite effective but tend to generate monolithic schemes that do not preserve software modularity.
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In this work, a coupling formulation based on the use of localized Lagrange multipliers is
proposed using a discrete surface or frame interposed between the subdomains to approximate
their interface displacements. This frame is treated with a FE discretization that is connected to the
BE or FE substructures using localized Lagrange multipliers collocated at the structural interface
nodes. This methodology is an extension of the formulation proposed by Park and Felippa [22, 23]
to connect non-matching FE meshes.

Compared with other formulations, our proposal facilitates the connection of non-matching FE
and BE meshes providing a partitioned formulation which preserves software modularity and can
satisfy exactly a constant stress transmission through the interface when a proper discretization of
the frame is used [24].

2. LOCALIZED FORMULATION OF A COUPLED BEM-FEM SYSTEM

Let us consider two subdomains connected through their common interface I'jy, the first one is
denoted QBFM and will be modelled by the BEM and the second one is QFFM (6 be treated using
the FEM. The interface mesh of I'jy is located between both subdomains and assumed to be
non-matching as illustrated in Figure 1. A key approach of the present localized formulation is
to treat the non-matching interfaces by the method of localized Lagrange multipliers that yields
a symmetric form of the interface constraint operators and can utilize modular BEM and FEM
analysis modules. Specifically, instead of a direct coupling of the interface forces between these
two subdomains, we will introduce an auxiliary surface or frame between them and consider
the coupling in terms of interactions of our two solids with this new surface. This procedure is
illustrated in Figure 1.

When the model is generated via a symmetric formulation, to evaluate the energy of the sys-
tem one can apply the variational-based formulation proposed by Park er al. [22,23,25]. As a
majority of BEM models are constructed via non-symmetric formulations, we will employ instead
a virtual work approach, thus utilizing a BEM analyser module as a stand-alone package. To this
end, the virtual work variation of the total system SIT@! consists of those of the FE substructure

Frame e e

Figure 1. Exploded view of the boundary element (left) and finite element (right)
subdomains connected by the frame.
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SnFEM | of the BEM structure 6mBEM, plus of the interface frame Spframe. decomposition that can
be written as

5Htota] :571;FEM + 5n,BEM + 5nframe (1)

The virtual work for the interface frame orfreme

frame in a weak sense with the following expression:

5nframe — /
T

where both integrals are extended to the boundary interface I'jy, the localized Lagrange multipliers
and the boundary displacements (Ap;, up;) are defined for the BE side, the same couple is defined
for the FE side (4y;, u ;) and the frame displacements are represented by v;.

We now summarize the virtual work of each one of these three components: the BEM structure,
the FEM structure and the interface frame.

enforces the kinematical positioning of the

0{Api (i — up;)} dline +/1_ O{Ari(vi —upi)}dline 2
int

int

3. VIRTUAL WORK OF STRUCTURES MODELLED BY THE
BOUNDARY ELEMENT METHOD

The BEM formulation for elastic continua is well known and can be found in many classical
texts like Reference [26], where a boundary integral equation for a domain  with boundary I is
obtained by substitution of the fundamental solution into the Maxwell-Betti equation of elasticity,
a particularization of the second Green identity for elastostatics, that can be written as

/tqu"jdr-i-/ pbj‘Pj dQ:/t;Pubj dr-l—/pb;-yubj dQ 3)
r Q r Q

where W; are the weighting functions, #;; are the components of the boundary tractions, uy; are
the components of the boundary displacements and b; are the internal forces.

Equation (3) when using as weighting functions the fundamental solution tensors for displace-
ments U;;(y, X) and tractions T;;(y, X) in elastostatics, solution of Navier’s equation at X in the ith
direction due to a unit load applied at y in the jth direction inside an infinite domain, provides a
new expression called the Somigliana identity, that can be written as

Cij(Y)ubj(Y)+/Fubj(X)Tij(y,X)dr(X)=/rtbj(X)Uij(y,X)dr(X)+fgpbjUij(y,X)dQ 4)

where ¢;;(y) is the local tensor at point y, with ¢;;(y) = %5,' j for smooth boundary points and
cij(y)=0;; for internal points (an explicit analytic expression of the local tensor c;;(y) for
other configurations is available in the literature as well). Expressions for the fundamental
solution tensors in elastostatics can also be found in Reference [26].

To formulate the BEM, we consider a three-dimensional domain QBEM with boundary I BEM
that is divided into np, discrete elements

reeM (5)
~ur,
j=
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where for each element I';, the field of boundary tractions and displacements will be approached
using its nodal values.

The number of nodes n,. of a boundary element depends on the desired approximation; in
this work we have used isoparametrical quadrilateral and triangular linear elements. Using vector
notation, displacements and tractions inside the boundary element j can be approached in the
following way:

u, (&1, &2) =Np(Sys fz)ui; tp (&1, ¢2) =Np (&, fz)ti (6)

where u, (&1, &) and t, (&, &) are the approximated distributions of displacements and tractions

as a function of the element natural co-ordinates (&, &), u;, and té are vectors with dimension
3n,e x 1 containing the nodal values of element j and

Ny 0 0 - Ny, O 0
Nb(él’ 52) = 0 Nl 0 T 0 Nnne 0 (7)
0O 0 N - 0 0 Ny,

is the BE shape functions approximation matrix with dimensions 3 x 3n,, where N;(&;, &) is the
shape function associated with node i.

The same shape functions used for the variables are used to discretize the geometry, approaching
the boundary element surface in the following way:

Npe
x(¢1, &) =) Ni(&y, &)xi (8)
i=1
where x; are its nodal co-ordinates.

After the discretization process, in the absence of internal forces b; =0, Equation (4) evaluated
at nodal positions becomes

Npe . Npe .
ciupi + Y Hjju) =) Gjjt] ©)
j=1 j=1
where
Hij:/ TN, dI'; = //TNbfdél d& (10)
j
(;l.j:/ UN;,dFj=//UNbfd51 dé, D
L

are integrals over element j when the collocation point matches with node i, ¢ = |0x/0&; x 0x/0&, |
is the Jacobian of the transformation from the real geometry to the natural co-ordinates (&;, &5) in
accordance with the geometry approximation given by Equation (8) and the fundamental solution
tensors (U, T;;) are ordered using two 3 x 3 matrices named U and T.

These integrals over I'j can be easily computed when the collocation points are located outside
the element j using a standard Gauss numerical quadrature. However, when the collocation point
i belongs to the integration element j, the kernels U and T contain singularities of type O(1/r)

Copyright © 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2007; 69:2058-2074
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Figure 2. Scheme for local integration over a quadrilateral boundary element by its reduction to triangles.

and O(1/r?), respectively, being r the distance to the collocation point. For this situation, see
Figure 2, the integration domain I'; is subdivided into triangles and subsequent transformation
of these triangles into squares yields a Jacobian of type O(r) which cancels out the singularity
and allows again the use of standard Gauss integration quadrature to evaluate G;;. The compu-
tation of the integrals H;; containing a strong singularity is avoided by using the zero traction
condition under rigid body motion. More details of this integration process can be found in
Reference [27].

Finally, expression (9) can be applied for all the boundary nodes to yield the final system of
equations in matrix form

Hu;, — Gt =b (12)

where vector b contains all boundary conditions multiplied by corresponding columns of matrix
(10) or (11).

In order to cast the above BEM equation in terms of a complementary virtual work, we invoke
an idea akin to d’Alembert’s principle where the boundary displacement term Huy,, is treated as if
it is a part of prescribed displacement, just as the inertia force is treated as part of external forces
in dynamics, to yield the following complementary virtual work expression:

onPEM = 5t/ (Hu), — Gt;, — b} (13)

where the boundary tractions vector t; includes not only the tractions from the external boundaries,
but also the tractions of the interface. This vector could then be decomposed into two different
parts: tpo containing the tractions corresponding to the external boundaries and t;; containing the
interface tractions, i.e. tz = {t30, t,}T. To simplify notation, in the following we will refer only to
the interface tractions t;; writing them as t, and omitting any differentiation (introducing t;o in
the final coupling formulation will be straightforward).

It should be also noted that the above expression does not represent variation of a poten-
tial energy functional and that for symmetric Galerkin BEM models will be slightly different
due to the fact that the Somigliana traction and displacement identities are of different nature
(one representing boundary tractions and the other boundary displacements).

Copyright © 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2007; 69:2058-2074
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4. VIRTUAL WORK OF STRUCTURES MODELLED BY THE
FINITE ELEMENT METHOD

To formulate the virtual work of the FEM structures, we consider a three-dimensional domain
QOFEM that is divided into n fe finite elements

nfe
QM — | ] Q, (14)
=1

e

and write the potential energy of this elastic substructure in terms of contribution of each finite
element €2,, obtaining

1 -
aFEM _ 6'gdQ, — ulbdQ, — utdr, (15)
< T2, o r, !

where terms due to the elastic strain energy and contributions from volume forces b and boundary
tractions t can be identified.
We use solid isoparametrical elements and the classical FEM formulation, approaching in Q,

the element displacement field u ; using its nodal values u‘j‘- in the following way:

{uf}szu? (16)

where N is the shape functions approximation matrix

NN 0 0 -+ N, O 0
Nf(1,6,8)=10 N O -+ 0 Ny, O (17)
0 0 N == 0 0 N,

and n,, is the number of element nodes.

The strain interpolation can then be expressed € = Bu, where the strain—displacement matrix
B is constructed from the symmetric gradient of (17). The stress interpolation is ¢ = Dg, where D
collects the constitutive moduli in matrix form.

Substituting these interpolations into (15) produces the variation of the discrete functional for
a finite element

Smy oM = sus {Keu' — 1) (18)
where K¢ is the element stiffness matrix
K¢ = / BTDB dQ° (19)
and f* is the consistent element nodal force vector, given by

F= | N}bdQ° + fr  Njtdre (20)

Copyright © 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2007; 69:2058-2074
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Considering that the total virtual work of the system can be obtained by adding the contri-
butions from each element, the discrete variational virtual work of the FEM structure is finally
expressed as

5n™M = su’ {Ku — f} (21)

where K is a symmetric and positive definite matrix constructed from the assembly of element
level stiffness matrices (19) and with the vector f grouping the external forces (20).

Here we should mention again that the FE structural displacements uy can be reordered into
two different groups: displacements of those nodes that do not belong to the interface u s and
displacements of the interface nodes u s ;. Only the interface nodes will be connected to the frame,
using a set of localized multipliers A ¢ that can be considered as an additional external force applied
to the FE substructure. In order to simplify our notation, like it was done previously with the BE
partition, we will consider only the interface displacements and refer to them as uy.

5. VIRTUAL WORK OF FRAMES

The frame is situated between the substructures as illustrated in Figure 3 and its displacements
v(&;, &) are interpolated using isoparametrical finite elements in the following way:

Vi
V(&L ) =Ny($1. &) | (22)
Vi,

where n ¢ is the number of nodes in the frame element, v; are the nodal displacements, and

Nt 0 0 - Ny 0 0
Ny(¢, &)= 0 N O - 0 Ny O (23)
0 0 N -~ 0 0 Ny

is the shape functions approximation matrix.

Figure 3. Discretization of the frame displacements and connection with the BE and FE domains.

Copyright © 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2007; 69:2058-2074
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Considering the discrete approximations introduced for the variables given by Equations (6),
(16) and (22) we can write

{up} =Npup, {tp}=Nptp, {ur}=Nsuy, {v}=Nyv (24)

Next, our choice for the multipliers discretization is to model them as concentrated forces
collocated at the subdomain boundary nodes, that is, the interpolations of 4; for the BEM region
and 4y; for the FEM region are Dirac’s delta functions:

MO fi=0E&—8p) Ay, MEpi=0E—&) Ly (25)

with §=(¢;, &>) and where {§,, p= f, b} are the frame co-ordinates of the substructure node
situated at the interface. Exactly the same multipliers approximation was proposed by Park
et al. [24] to treat the connection of non-matching FEM meshes.

Finally, substitution of (25) into (2) gives the discrete form of the virtual work of the frame as

Spirame 5{;\‘ c(—up + Cpv)} + 5{%}; “(—uy +Cyv)} (26)

with following definitions:
Cp= / 0E—ENudli =Ny (€, = Cp=Ny(§,), Cr=Ny(&y) 27)
int

meaning that C, is simply an evaluation of the frame shape functions at the boundary node
locations.

6. RELATION OF THE INTERFACE FORCE A, AND THE TRACTION t,

It is recalled that the BEM analyser software module possesses its unknown variables in terms of
mixed variables, the boundary traction t;, and the boundary displacement u. On the other hand,
the virtual work for the frame is expressed in terms of (up, Ay, Wy, A ¢, v). This means one must
provide a relation between t, and Ap.

Of several possibilities, we use a simple [umping procedure, see Figure 4, coming from an
energy equivalence between the boundary tractions t, acting on the boundary element I'; and the

tﬂb/

/(L—r —» — —> i\

M _I_»Mz
QBEM

Figure 4. Equivalence between the boundary element tractions and its localized Lagrange multipliers.
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localized multipliers 2.,]; acting on its nodes, expressed by the following variational virtual work
expression:

o= | autvar, =on'sg=on™| ([ wimoar ) =57}

rl
T . ) )
= 5u{, {Mft{) — k{;} with M/ :/r Nng dr; (28)
j
that after its extension to the whole frame can be expressed in matrix form
OmUMP = S - (Mt — Ay} (29)

where M is the assembling matrix corresponding to the BE interface that transforms boundary
tractions into nodal forces.
7. DISCRETE EQUATION FOR COUPLED BEM-FEM SYSTEM

The total virtual work of the coupled BEM—FEM-Frame system can now be expressed from (13),
(21), (26), and (29) as

5Htotal :57[BEM + 57‘£FEM + 5nframe + 5nlump (30)

which can be expanded to
S = 5t (Huy, — Gty — b) + duj (Mt — hp)
+ 0hy (—up + Cpv) + Sufp(Kuy — by — 1)
+ 00 (—uyp + Cpv) + v (Chhy + Chhy) (31)

The vanishing virtual work of the above expression leads to the following coupled equilibrium
equation set:

H -G 0 0 0 07-, - [b
0 M -I 0 0 0| 0
I 00 0 0 G, 0
= (32)
0 0 0 K -I 0 f
uy
0 0 0 L 0 Cffy 0
0 0 ¢ o Cp oo LV o]

where all terms can be easily identified: first equation imposes directly the BEM equations for
the BE region, second equation transforms the interface boundary tractions to forces using the

Copyright © 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2007; 69:2058-2074
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lumping matrix, third equation imposes compatibility between the BE interface and the frame
displacements, fourth equation represents equilibrium for the FE substructure, next expression
imposes compatibility between the FE interface and frame displacements and the last one imposes
equilibrium on the frame.

It is noted that the resulting coupled system is non-symmetric when the BEM models are
generated via Somigliana displacement identity. Finally, the localized multipliers on the BE side
can be condensed in order to work only with the natural BEM variables, obtaining the final
system

TH -G 0 0 0 uy
—I 0 0 0 G ty
0 0 K -1 0 us | = (33)

0 0 -1 0 Csl|a

S o =m o T

L0 M 0 C; 0 || v ]| |0
where a new term CZM is used to evaluate the forces on the frame associated with the BE interface
tractions.

8. APPLICATIONS

In this section, three representative examples are investigated by solving Equation (32) using direct
methods in order to demonstrate the possibilities of the proposed methodology. Eight-node bricks
are used in the QFEM domains, four-node quadrilaterals are used to discretize the frames and either
triangles or quadrilaterals for the boundaries of QBEM,

The major objective of these studies is to show the applicability and accuracy of this new
coupling approach. Therefore, the results obtained with the FEM-BEM coupled formulation are
compared with analytical solutions when possible.

8.1. Uniform tension

The first problem studied is very simple, see Figure 5, a rectangular block with dimensions
B x B x 2B under a constant stress condition. The block is divided into two identical cubes that
are discretized using regular meshes of 150 boundary elements the first one and 64 finite elements
the second. These two cubes with non-matching meshes are connected through one of their faces
using a planar frame with dimensions B x B.

The material used for the blocks is linear-elastic with constants £ = 13, v=0.3 and a dimension
B =1 is selected. The BEM cube is loaded on the top by a constant traction 7, = 1 and the vertical
displacements are restricted under the FEM block in order to produce a constant g, tension field
over the solids.

Our intention is to verify that the proposed formulation can reproduce exactly a constant stress
transmission through the interface when using a proper discretization for the frame. Conditions
to construct the frame mesh are studied by Park er al. [24] and named as the zero moment rule
method. On the right of Figure 5 we reproduce this methodology: substitute the forces produced

Copyright © 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2007; 69:2058-2074
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Figure 5. A two-subdomain solid with non-matching FEM and BEM meshes (left) and
position of the frame nodes (right).

by the solids on the frame and calculate the moment distribution; the nodes of the frame have to
be situated on the zero moment positions. Application of this rule gives the eight roots

—B —19B —B —B B B 19B B
{ . . . . . . . } (34)

270 535 5 02

as candidates for frame node locations. If all eight roots are used to construct the frame, the
size of some frame elements may be considered too small and it is demonstrated in Refer-
ence [24] that frame nodes with roots 2 and 7 can be omitted without numerical problems.
Application of this idea results in a frame mesh with 25 elements like the one represented in
Figure 5.

The results for this problem are represented in Figure 6 where it can be observed how the exact
solution is reproduced, that is, vertical displacement on the top of the block u, =2B7,/E =0.15385
and maximal horizontal displacement u, =u, =vf;/2E =0.011538. It was also verified that an
exact constant stress o, = 1 is obtained for all the FE domain and the BE region.

8.2. Plate in tension with a central hole

As a classical benchmark, let us consider now the case of stress concentration in a square plate
with a central hole due to an uniformly applied external traction. Although this is a plane stress
problem, we are going to use a three-dimensional approach in order to test the behaviour of the
coupling scheme when combined with curved BEM-FEM interfaces.

Copyright © 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2007; 69:2058-2074
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Figure 6. Results for the uniform tension problem. Configuration and displacement contours.

y A
o 3.5 T . :
y

tttrttt 30 ]

FEM zone P
........ Q25 .

. - £

BEM|zone 3
/ 3 = 20 i

§ A : =3

S : C/ ; B <
\ "l_"_ ,"' X § 5 Coarse BE mesh  Refined BE mesh |

.. 2R _. =
it T 10} .
2B § Analytical |
Z 5L | —®— Coarse BE mesh |

NN ' —n— Refined BE mesh
0, 0.0 L . .
|<—“>| 1.0 15 20 25 30
2A x/R

Figure 7. Plate in tension with a central hole (left) and normal stress obtained for two different
BE meshes along the x axis (right).

The geometry of the problem is defined in Figure 7 where a constant stress 7, = 100kg/cm is
applied on a square plate with a side length A=9cm and a central hole with radius R =0.9 cm.
A ratio A/R =10 was selected in order to avoid the influence of the finite dimensions of the plate
in the stress concentration factor. The plate is supposed to be made of steel with elastic properties
E=2.1 x 10°kg/cm? and v=0.3.

To discretize the domain it is first divided into two different zones, the BEM is used around
the hole in a circular region of radius B=35 cm and the FEM extends the mesh to complete
the domain of the plate. The mesh used for the FEM subdomain contains 32 brick elements and
matches with a frame mesh composed of 16 quadrilaterals that connects with a non-matching
and more refined BEM mesh used to capture the stress concentration around the hole, see
Figure 8.
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Figure 8. Plate discretization (left) and deformed configuration with horizontal
displacement contours (right).

Figure 9. Mesh used for the footing problem. Exploded view (left) and final configuration (right).

To discretize the BEM region two different meshes are used: the first one is a coarse mesh
around the hole composed by 740 triangular elements and the second one is a more refined version
with 1820 elements. Only one element is used along the plate thickness.

The effect of a central hole in an infinite plate under traction was first investigated by Kirsch in
1898 and later by Savin [28], obtaining the following analytical solution at y =0 for the normal
stress gy (x) near the hole:

ay R\* R\*

where the stress concentration effect can be clearly observed when particularized for x =R,
that is for a point placed at the boundary of the hole, leading to the very well known value
of 6y, =30,.
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Figure 10. Vertical and horizontal displacements obtained for the footing problem.

The influence of the BE discretization on the normal stresses obtained near the hole is represented
in Figure 7 (right) and compared with the analytical solution given by Equation (35). It can be
observed that the coarse mesh gives acceptable results, with a 3.3% error in the maximum stress.
Much better results are obtained with the finer discretization, that tends correctly to the analytical
solution.

8.3. Flexible footing resting on a half-space

The third problem considered is the case of a square shallow foundation with dimensions 2B x 2B x
0.5B resting on an elastic half-space. The material properties used for the footing are E y =100,
v¢ =0.3 and for the half-space E, =10, v, =0.3. It is also assumed that the interface between the
soil and the structure is perfectly welded, which corresponds to a generalized adhesion condition
where tangential tractions remain under the friction limit.

The footing is discretized using a regular mesh of 128 hexahedral finite elements and 243
nodes, see Figure 9, the frame is composed by four quadrilateral elements and the elastic half-
space, discretized using a truncated mesh with dimensions 10B x 10B, is approximated using 28
quadrilateral boundary elements.

A net vertical load P =1 is applied on the top of the footing, centred and uniformly distributed
into four element faces. The numerical results obtained are presented in Figure 10, where the fields
of vertical displacements u, (or settlement) and horizontal displacements u, are represented.

Although there is no analytical solution for this problem it has been verified that displacements
for those points away from the footing tend correctly to the Boussinesq solution.

9. CONCLUSIONS

An accurate, easy to implement and efficient BEM—FEM coupling scheme for three-dimensional
elastostatics using localized Lagrange multipliers to connect the substructures to an adaptative
interface frame is presented. The algorithm and the introduced formulations prove to be very
robust and efficient when solving three-dimensional non-matching coupled problems.
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This BEM-FEM coupling technique is not restricted only to structural problems and can be

extended to other fields. In this paper, it has been investigated its application to elastostatics and
specially for elastic soil-structure interaction problems, where this technique seems to be very
interesting because it gives rise to a real simplification of the problem allowing an easy connection
of the structure with the infinite elastic soil.

Suggested methodology simplifies the procedure to solve this kind of problems, minimiz-

ing geometrical knowledge needed to couple substructures modelled with different numerical
methods. This fact can facilitate further extensions to dynamics and contact problems, work on
these subjects by the authors is under way.
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