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Summary. The level sets of scalar functions may imply the geometries of individual ropes and
membranes. All level sets within an interval, considered in some bulk domain, define infinitely
many geometries at once. A mechanical model is proposed which enables the simultaneous,
dynamic analysis of all such geometries. For the solution of the governing equations, a tailored
numerical method coined Bulk Trace FEM is employed for the spatial discretization, using
higher-order background meshes in the bulk domains. The HHT-α method is used for the
temporal discretization. Numerical results are presented that demonstrate the potential of the
proposed mechanical model and numerical method.

1 Introduction

Ropes and membranes are curved, lower-dimensional, tensile structures embedded in a higher-
dimensional space. The mechanical modeling of such structures in finite strain or large displace-
ment theory as well as the numerical analysis based on the finite element method (FEM) are
well-established [3, 2, 12]. The geometry of a lower-dimensional structure may be defined ex-
plicitly through a parametrization or implicitly by some (bounded) level set of a scalar function
[18]. Previous works of the authors focus on reformulating and generalizing classical models
for explicit geometries to the implicit case, see [12] for ropes and membranes, and [20, 22, 24]
for shells. The authors extend their models from the analysis of single geometries to the si-
multaneous analysis of all geometries as implied by all level sets within some bulk domain, see
[11, 10, 15] for membranes and [16] for shells. Herein, the situation is further extended from the
static to the dynamic case by considering the inertia terms.

In Section 2, the mechanical model is formulated in terms of an initial boundary value problem
(IBVP) in the bulk domain following [11, 10, 15]. Therefore, differential surface operators have
to be defined in the bulk domain which refer to the curved level sets. Then, mechanical quantities
may be defined and the governing equations in strong form are given. The spatial and temporal
discretization of the IBVP in weak form is obtained in Section 3, serving as the basis for the
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(a) Ω and level sets of φ (b) level sets Γc (c) Ω and level sets of φ (d) level sets Γc

Figure 1: Some bulk domain Ω and level-set function φ in two and three dimensions and the implied
level sets Γc.

numerical treatment based on the Bulk Trace FEM [11] in space and the popular HHT-α method
in time [14]. Therefore, the bulk domain is discretized by (higher-order) d-dimensional finite
elements which do not conform to the level sets yet to the boundary of the bulk domain. The
name of the method refers to the already established Trace FEM [17, 19, 13, 21, 22, 12] which is
an embedded or fictitious domain method for the solution of BVPs on curved, implicitly defined
manifolds, also using a d-dimensional background mesh for the analysis. However, the Bulk
Trace FEM does not come with the usual issues of embedded domain methods in terms of (i)
numerical integration, (ii) stabilization and (iii) enforcement of boundary conditions. Numerical
results are presented in Section 4 using higher-order elements in the bulk domain. The paper
ends in Section 5 with a summary and conclusions.

2 Mechanical model

In this section, the mechanical models for dynamic structural ropes and membranes consid-
ered simultaneously on all level sets over some bulk domain are defined, resulting in an initial
boundary value problem (IBVP). The outline very closely follows [11, 10] for the static situation,
with extensions to the dynamic case herein.

2.1 Undeformed and deformed configurations

As usual in finite strain or large displacement theory, an undeformed material configuration
and a deformed spatial configuration are distinguished. With configuration, we refer to all level
sets of a level-set function φ over some d-dimensional bulk domain, see Fig. 1. Let the undeformed
bulk domain be ΩX and the level-set function φ (X) : ΩX → R. Then, the individual undeformed
domains of interest ΓcX—being the set of membranes or ropes simultaneously considered—are
each related to constant level-set values,

ΓcX = {X∈ ΩX : φ(X) = c} , c ∈
(
φmin, φmax

)
, (1)

where φmin and φmax are either the infimum/supremum of the level-set function inside ΩX or
user-defined values to restrict some bulk domain to a sub-interval of interest. The task is now
to find the time-dependent displacement field of all structures implied by the individual level
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(a) situation in 2D (b) situation in 3D

Figure 2: Undeformed material configuration and deformed spatial configuration in two and three
dimensions. The bulk domains ΩX and Ωx,t are shown in gray. The undeformed level sets Γc

X are blue
and the deformed level sets Γc

x,t are red.

sets at once, see Fig. 2. That is, the deformed bulk domain

Ωx,t = {x (X, t) = X + u (X, t) ,X ∈ ΩX , t ∈ (0, tend)}

is sought such that

Γcx,t = {x ∈ Ωx,t : φ(x) = c} , c ∈
(
φmin, φmax

)
, t ∈ (0, tend)

are the deformed structures. Illustratively, plotting selected level sets of φ (X) in ΩX shows
some undeformed structures whereas plotting the same level sets of φ (x) in Ωx,t represents the
resulting deformed structures as shown in Fig. 2. In order to define the corresponding IBVP,
we need to (i) define (co-)normal vector fields, (ii) differential operators, and (iii) mechanical
vector and tensor fields. Further details are given in [11, 15].

2.2 Normal and conormal vectors

The boundary of the undeformed bulk domain ∂ΩX features a unit normal vector (field)
M(X), X ∈ ∂ΩX . Instead, the unit normal vector (field) N(X) on the level sets ΓcX in the
whole bulk domain ΩX is obtained from the gradient of the level-set function,

N(X) = N?

‖N?‖
with N? = ∇Xφ (X) , X∈ ΩX . (2)

One may then also construct the projector field P (X) ∈ Rd×d, X ∈ ΩX as P(X) = I−N ⊗N .
The unit conormal vectors Q(X) on ∂ΩX are in the tangent plane of the corresponding level
sets at ∂ΓcX and yet normal to N(X) from above. In case of two-dimensional bulk domains,
d = 2, see Fig. 3(a), these vectors immediately result from the normal vectors N. For three-
dimensional bulk domains, d = 3, see Fig. 3(b), one needs to first generate tangent vector fields
T (X) on ∂ΩX using cross products of the normal vector fields from above, T = M × N ,
and then Q = Q?

‖Q?‖ with Q? = N× T . Similar vector fields may be obtained with respect to
the deformed bulk domain Ωx,t, however, it is then noted that they are time-dependent, i.e.,
n(x (X, t)), q(x (X, t)) etc.
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(a) vectors N, M, Q (b) vectors N, M, Q, T

Figure 3: Vector fields in the bulk domain ΩX and on the boundary ∂ΩX in (a) two and (b) three
dimensions (for clarity, only one level set is shown in 3D). Normal vectors N with respect to the level
sets Γc

X in ΩX are shown in blue. Normal vectors M with respect to ∂ΩX are red, tangential vectors T
are gray and conormal vectors Q are green.

2.3 Differential operators

It is important to distinguish (classical) differential operators acting in the bulk space from
those acting on the level sets which may be called tangential or surface operators. Here, these
operators are defined with respect to the undeformed configuration but extend straightforwardly
to the time-dependent, deformed situation as well. The surface gradient of a scalar function
f(X) : ΩX → R results as [5, 7, 23]

∇Γ
Xf = P · ∇Xf, (3)

where ∇Xf is the classical gradient in the undeformed d-dimensional bulk domain. For the
directional and covariant surface gradients of some vector function u (X) : ΩX → Rd, one
obtains

∇Γ,dir
X u = ∇Xu ·P, ∇Γ,cov

X u = P · ∇Xu ·P,

respectively. Concerning the surface divergence of vector functions u (X) and tensor functions
A(X) : ΩX → Rd×d, there holds

DivΓ u (X) = tr
(
∇Γ,dir
X u

)
= tr

(
∇Γ,cov
X u

)
=: ∇Γ

X · u, (4)

DivΓ A(X) =

 DivΓ (A11, A12, A13)
DivΓ (A21, A22, A23)
DivΓ (A31, A32, A33)

 =: ∇Γ
X ·A. (5)

2.4 Mechanical quantities

With the displacement field u (X, t) : Rd → Rd , and x (X, t) = X + u (X, t), the resulting
bulk deformation gradient is

FΩ = ∇Xx (X, t) = I +∇Xu (X, t) , (6)

where I is the (d × d)-identity matrix. Note that ∇X is the classical gradient with respect to
the undeformed bulk domain ΩX and ∇x with respect to Ωx,t. Based on these definitions, the
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surface deformation gradient FΓ is

FΓ = ∇Γ,dir
X x (X, t) = I +∇Γ,dir

X u (X, t) . (7)

The directional and tangential Green-Lagrange strain tensors are then defined as

Edir = 1/2 ·
(
FT

Γ · FΓ − I
)
, Etang = P ·Edir ·P, (8)

respectively. When considering a Saint Venant–Kirchhoff solid, the second Piola-Kirchhoff stress
tensor results as

S = λ · trace (Etang) ·P + 2µEtang, (9)

with S being tangential to ΓcX , λ and µ are the Lamé constants. For given Young’s modulus E
and Poisson’s ratio ν, there holds λ = E·ν

1−ν2 , µ = E
2(1+ν) for membranes, and λ = 0, µ = E

2 for
ropes. The Cauchy stress tensor reads

σ = 1
Λ · FΓ · S · FT

Γ with Λ = ‖∇xφ‖
‖∇Xφ‖

· det FΩ, (10)

where Λ is a line stretch for ropes and an area stretch for membranes when undergoing the
displacement. The first Piola-Kirchhoff stress tensor is given by K = FΓ · S.

2.5 Governing equations

The equilibrium on all level sets Γcx,t with respect to the deformed configuration Ωx,t may be
stated as

% · {A, τ} · ü− divΓ σ(x) = f(x) ∀x ∈ Ωx,t, t ∈ (0, tend) ,

where, for ropes, A is the cross-section or, for membranes, τ is the thickness. The density
in the deformed configuration is % = %0/Λ, with %0 ∈ R+ being some constant density in the
undeformed configuration. It is common to express this equilibrium purely based on quantities
in the undeformed configuration as

%0 · {A, τ} · ü (X, t)−DivΓ K(X, t) = F (X, t) ∀X ∈ ΩX , t ∈ (0, tend) . (11)

One may then identify the field equations of the IBVP modeling the mechanics of membranes
(and ropes) simultaneously on all level sets in some bulk domain through Eq. (8) (kinemat-
ics), Eq. (9) (constitutive equation), and Eq. (11) (equilibrium). Suitable initial and boundary
conditions for displacements and tractions complete the definition of the IBVP.

3 Weak form and numerical analysis

For the simultaneous analysis of structures implied by all level sets over a bulk domain as
proposed herein, the bulk domain ΩX is (spatially) discretized by a background mesh which
is conforming to the boundary ∂ΩX (and, hence, also ∂ΓcX), yet typically not conforming to
the individual level sets ΓcX of φ, see Fig. 4. This approach was previously labeled the Bulk
Trace FEM in [11, 10, 15] and was also used in [8, 6, 1] for transport applications. For the time
discretization, the popular HHT-α time-stepping method is employed [14].
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(a) ΩX ∈ R2 (b) ΩX ∈ R3

Figure 4: In the Bulk Trace FEM, the bulk domain is discretized by d-dimensional, possibly higher-order
elements which do not conform to the level sets.

For the FEM-analysis in space, a discretized weak form is required. For brevity, the proper
introduction of suitable test and trial functions is omitted here, however, it is noted that classical
C0-continuous finite elements are later employed in the numerical results. We first obtain the
weak form of Eq. (11) on one selected level set ΓcX in the usual way by (1) multiplying with a
test function, (2) integrating over the domain ΓcX , and (3) applying the divergence theorem on
manifolds [4, 5], resulting into∫

Γc
X

%0 · {A, τ} ·w · ü dΓ +
∫

Γc
X

∇Γ,dir
X w : K dΓ =

∫
Γc
X

w · F dΓ +
∫
∂Γc

X

w · Ĥ d∂Γ, (12)

where Ĥ = K ·Q are tractions. Note that in Eq. (12), the curvature term
∫

Γc
X
κ ·w · (K ·N) dΓ

vanished due to K ·N = 0.
Next, we integrate over all level sets in the bulk domain and make use of the co-area formula

[6, 9] ∫ φmax

φmin

∫
Γc
X

f (X) dΓ dc =
∫

ΩX

f (X) · ‖∇Xφ‖ dΩ (13)

and its counterpart for integrating over the boundary ∂ΓcX ,∫ φmax

φmin

∫
∂Γc

X

f (X) ·Q d∂Γ dc =
∫
∂ΩX

f (X) ·Q · (Q·M) · ‖∇Xφ‖ d∂Ω. (14)

Note that on the right hand side, the conormal vectors Q with respect to ΓcX as well as the
normal vectors M on ∂ΩX are involved.

When using Eq. (13) for the domain integrals in Eq. (12) and Eq. (14) for the boundary
integrals, one obtains∫

ΩX

%0 · {A, τ} ·w · ü · ‖∇Xφ‖ dΩ +
∫

ΩX

∇Γ,dir
X w : K (u) · ‖∇Xφ‖ dΩ = (15)∫

ΩX

w · F · ‖∇Xφ‖ dΩ +
∫
∂ΩX,N

w · Ĥ · (Q ·M) · ‖∇Xφ‖ d∂Ω. (16)

It is noted that only first-order derivatives in space are involved, allowing for the use of classical
C0-continuous finite elements in the corresponding discrete weak form. For the time discretiza-
tion of the remaining second-order initial value problem, the HHT-α method is used [14].
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(a) ΩX and φ(X) (b) ΩX and φ(X) (c) mechanical setup (d) example mesh

Figure 5: Setup of test case: (a) and (b) show two alternative visualizations of the bulk domain in the
level-set interval (−0.15, 0.15), (c) shows the implied mechanical setup for some selected level sets, (d)
shows an example mesh composed by quadratic Lagrange-elements.

4 Numerical results

A set of ropes is considered whose shapes are implied by the level set function φ (X) =
‖X −XC‖ − RC with XC =

[
−0.3 · sin 25◦

, 0.3 · cos 25◦
]T

and RC = 0.3. The level set interval
between φmin = −0.15 and φmax = +0.15 is considered. The undeformed bulk domain ΩX is the
part of a circle with radius RΩ = 0.28 around the origin where φmin ≤ φ ≤ φmax, see Figs. 5(a)
and (b) for two alternative visualizations. The implied mechanical setup is seen in Fig. 5(c) for
some selected ropes (level sets). Pin supports are present at the end points of the ropes, that
is, the thick black line in Fig. 5(c) is the Dirichlet boundary ∂ΩX,D where u = 0 is prescribed.
Test case parameters are defined as density %0 = 400, cross section A = 1, Young’s modulus
E = 5 000, and body forces F = [0,−1 000]. The considered time interval is t ∈ (0, 1).

For the numerical analyses, sequences of meshes with various orders and element numbers
have been systematically employed. An example mesh composed of 10× 10 quadratic Lagrange
elements is shown in Fig. 5(d). Various time steps in the HHT-α method have been studied,
the results presented here are obtained with 200 time steps, hence, ∆t = 0.005. The time-
dependent, deformed bulk domains Ωx,t at various instances in time are seen in Fig. 6. Finally,
the time-dependent, stored elastic energy, integrated over the bulk domain as

e (u) = 1
2

∫
Ωx,t

etang (u) : σ (u) · ‖∇xφ‖ dΩ, (17)

= 1
2

∫
ΩX

Etang (u) : S (u) · ‖∇Xφ‖ dΩ, (18)

is given in Fig. 7 for different meshes, confirming the expected convergence for increasing element
numbers and orders.

5 Conclusions

Initial boundary value problems (IBVPs) are proposed for the simultaneous, dynamic analysis
of structural ropes and membranes as implied by all level sets over some bulk domain. The
resulting IBVPs are discretized using background meshes in the (undeformed) bulk domains
and the Bulk Trace FEM, combined with the HHT-α method as the time-stepping scheme.
The elements do not usually align with the geometries of the ropes and membranes which
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(a) t = 0.125 (b) t = 0.25 (c) t = 0.375 (d) t = 0.5

(e) t = 0.625 (f) t = 0.75 (g) t = 0.875 (h) t = 1

Figure 6: Results at different time steps: The figures show von Mises stresses in the time-dependent,
deformed bulk domain Ωx,t plus some selected level sets as black lines.

(a) (b) zoom

Figure 7: Stored elastic energy e (u) in time with different orders and element numbers.
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resembles the Trace FEM, however, without the usual challenges of fictitious domain methods
in this context. Numerical results confirm the success of the proposed mechanical models and
numerical framework. We envision large potential when combined with conventional (dynamic)
bulk models for d-dimensional structures, introducing a new concept for advanced material
models, possibly labeled continuously embedded sub-structure models with possible applications,
e.g., in textile, biomechanical or fiber-reinforced structures and composite laminates.
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