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A hybrid mesh generation method is described to discretize complex geometries. The idea behind this hybrid

method is to combine the orthogonality and directionality of a structured grid, the efficiency and simplicity of a

Cartesian grid, and theflexibility and ease of an unstructured grid in an attempt to develop an automatic, robust, and

fast hybridmesh generationmethod for configurations of engineering interest.A semistructured quadrilateral grid is

first generated on the wetted surfaces. A background Cartesian grid, covering the domain of interest, is then

constructed using a Quadtree-based Cartesian Method. Those Cartesian cells overlapping with the semistructured

grids or locating outside of computational domain are then removed using an Alternating Digital Tree method.

Finally, an unstructured grid generation method is used to generate unstructured triangular cells to fill all empty

regions in the domain as a result of the trimming process. The automatic placement of sources at the geometrical

irregularities is developed to render these regions isotropic, thus effectively overcoming the difficulty of generating

highly stretched good-quality elements in these regions. The self-dividing of the exposed semistructured elements

with high aspect ratio and the adaptation of the background mesh using the cell size information from the exposed

semistructured elements for generating Cartesian cells are introduced to improve the quality of unstructured

triangular elements and guarantee the success of the unstructured grid generation in the void regions. The developed

hybrid grid generation method is used to generate a hybrid grid for a number of test cases, demonstrating its ability

and robustness to mesh complex configurations.

I. Introduction

C OMPUTATIONAL fluid dynamics (CFD) has become an
indispensable tool for a variety of applications in science and

engineering. One of the greatest obstacles for widespread use of CFD
methods is the level of expertise and the time required to generate a
grid for a complex geometry. General speaking, the grid generation
methods can be classified by the mesh they generate as structured
grid generation methods, unstructured grid generation methods, and
Cartesian grid generation methods. The structured grid generation
methods alone are not practical for engineering applications, as they
have a disadvantage for griding complex geometries. More often,
they are used in the context of Chimera or overlapping approaches
[1,2] to simplify the grid generation process for a complex config-
uration. The difficulty of generating a structured grid for complex
geometries and the desire in the engineering community to simulate
numerically flows past increasingly complex geometries have fueled
interest in the development of unstructured grid methods [3–7].
Unstructured grids provide great flexibility in dealing with the com-
plex geometries encountered in practice and offer a natural frame-
work for solution-adaptive mesh refinement. Over the course of last
decade, significant progress has been made on developing unstruc-
tured triangular/tetrahedral grid generation methods for complex
geometries. However, the computational costs and memory require-
ments for unstructured triangular/tetrahedral grids are generally

higher than for structured grids. Although the solution accuracymay
not be strongly affected by element type even in the boundary layers,
computational efficiency can benefit substantially through the use of
prismatic elements in the boundary layers and Cartesian cells in the
inviscid regions. This is due to a simple fact that approximately, 5–6
times more tetrahedra than hexahedra are required to fill a given
region with a fixed number of nodes. Although the boundary-layer
regions occupy only a small portion of the computational domain, it
is not uncommon for more than half of the mesh resolution to be
packed into this small region, and thus the quadrilateral elements in
2D and prismatic elements in 3D can lead to a significant saving in
both memory requirements and computational costs. From the
computational efficiency point of view, unstructured triangular/
tetrahedral elements should be kept minimal. The advantages of the
Cartesian grid approaches [8–12] include ease of grid generation,
lower computational storage requirements, and significantly less
operational count per cell. However, the main challenge in using
Cartesian methods is how to deal with arbitrary boundaries, as the
grids are not body-aligned. The cells of a Cartesian mesh near the
body can extend through surfaces of boundaries. Accurate means of
representing boundary conditions in cells that intersect surfaces are
essential for successful Cartesian methods. Because each grid type
has its own advantages and disadvantages, the best grid approach is
clearly a hybrid one that combines the advantages and strengths of all
these three grid types. As a result, grid generation efforts have been
focused on the development of robust, reliable, and fast hybrid mesh
generation methods and research work in this area has been widely
published in the literature [13–19]. Furthermore, in most flow
problems, different flow regions will require different types of grids
to model flow physics accurately and obtain numerical solutions
efficiently. At the high Reynolds numbers encountered in typical
aerodynamic applications, viscous effects are important in relatively
thin boundary layers, in close proximity to the solid surfaces. In these
regions, the normal length scale can be many orders of magnitude
smaller than the tangential length scale. Consequently, the viscous
regions are best represented by highly stretched quadrilateral/
prismatic elements, which possess an inherent feature of orthog-
onality and directionality. In contrast to theviscous predominantflow
regions, local isotropy is desired in the mainly inviscid flow regions
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away from the bodies, which do not exhibit the directionality.
Therefore, the inviscid regions are best discretized byCartesian cells.

The objective of the efforts presented in this paper is to develop a
hybrid mesh generation method for complex geometries in 2D,
designed to achieve the maximum efficiency and minimum user
intervention. The idea behind this hybrid grid generationmethod is to
combine the orthogonality and directionality of a structured grid, the
efficiency and simplicity of a Cartesian grid, and the flexibility and
ease of an unstructured grid in an attempt to obtain an automatic,
robust, and fast mesh generationmethod for complex configurations.
In the anisotropic viscous regions of flows, high aspect ratio quadri-
laterals are generated, and in the isotropic inviscid regions, Cartesian
squares are generated, while triangles are generated to bridge these
two grids and in the vicinity of boundaries. Because a majority of
computational cells consist of the Cartesian cells and quadrilateral
cells, the resulting hybrid grid is very efficient in terms of both
computational costs and storage requirements for flow solutions. As
the unstructured triangular cells are used in the vicinity of bound-
aries, the developed hybrid mesh generation method can easily be
used for complex geometries without losing the robustness. The
method uses as input the boundary curve definition and a background
grid and/or sources specifying the desired spatial distribution of the
mesh size in the computational domain. The boundary curves arefirst
discretized in such a way that will render geometric singularities
isotropic using the automatic placement of sources at these singu-
larities, thus avoiding the difficulty of generating a good-quality
highly stretched elements in these regions. A semistructured quadri-
lateral grid is then generated on the wetted boundary faces. A
background Cartesian grid, covering the computational domain, is
then automatically constructed using a Quadtree-based Cartesian
Method. Those Cartesian cells overlapping with the semistructured
grids or locating outside of computational domain are then removed
using an Alternate Digital Tree method. Finally, an unstructured grid
generationmethod is used to generate unstructured triangular cells to
fill all voids in the domain as a result of the trimming process.
Particular attention is focused on developing strategies that will
improve the quality of unstructured triangular elements and ensure
the success of the triangulation in the void regions. This is accom-
plished by self-dividing of the exposed semistructured elements with
high aspect ratio, and the adaptation of the background mesh using
the cell size information from the exposed semistructured elements
for generating Cartesian cells. The developed hybrid grid generation
method is used to generate a hybrid grid for a number of test
cases, demonstrating its ability and robustness to mesh complex
configurations.

II. Hybrid Grid Generation Method

The hybrid grid generation method will automatically generate a
hybrid semistructured quadrilateral, unstructured Cartesian, and
triangular grid, where high aspect ratio quadrilateral elements will be
used in the boundary layers, cells in inviscid regions will be of
Cartesian type, and unstructured triangular cells will be only used to

fill the resulting voids between these two grids in the vicinity of
boundaries and interfaces, where they are really needed and espe-
cially advantageous. Consequently, this hybrid grid represents the
best grid as the semistructured character of cells near the surface of a
body markedly reduces the number of cells needed for the boundary
layers, and unstructured Cartesian cells significantly reduces the
number of elements in the inviscid regions, thus achieving the
maximum efficiency. The generation of a hybrid mesh consists of
the following four steps starting from a boundary curve definition
and a background grid and/or sources prescribing the desired spatial
distribution of the mesh size in the computational domain:

A. Discretization of Boundary Curves

The first step is to discretize the boundary curves, which are used
to define a domain to be gridded. This involves the creation of edges
and nodes on the boundary curves. It should be recognized that a
boundary mesh, that is perfect and suitable for generating an iso-
tropic Euler grid, is no longer appropriate for generating an
anisotropic Navier–Stokes grid. In fact, a stretched viscous mesh
with high aspect ratio of cells is only reasonable for smooth surfaces.
In the case of a singularity like a corner, the stretchedmesh should not
be generated in the same way as for smooth surfaces. This is illus-
trated in Fig. 1, where the singularity unavoidably leads to extremely
poor quality of elements at a sharp trailing edge, as long as one
normal direction from the trailing edge is used to generate the grid.
Even sophisticated elliptic or hyperbolic structured grid generators
cannot guarantee an adequate mesh resolution in such regions. This
issue can be addressed by introducing multiple normal directions at
the corners. However, large discrepancies in neighboring cell sizes
will still occur, leading to an inadequate quality of elements in the
vicinity of the corners. This problem can be effectively overcome by
simply generating isotropic elements at the corner, which will be
gradually transferred to the stretched mesh away from the corner.
This approach not only significantly improves the quality of grids in
those regions, but also enhances the accuracy of flow solutions by
providing a sufficient mesh resolution and robustness of numerical
methods by preventing convergence of flow solution from stalling.
The implementation of this approach is straightforward and easy. The
corner points can be easily identified by measuring angles between
the adjacent surfaces. Sources with a cell-size consistent with the
boundary-layer thickness and the geometric progression normal to
the surface are then automatically placed at these corner points. In
this way, the resulting surfacemesh is consistent with the topology of
the viscous volume mesh, thus making the volume mesh generation
more reliable and robust and greatly improves the quality of the
overall grid. Figure 2 illustrates the resulting surface mesh for an
RAE2822 airfoil, where an adequate clustering toward the trailing
edge is clearly visible. This clustering allows the generation of
isentropic elements, and thus avoids the difficulty of generating
good-quality highly stretched quadrilateral elements in the vicinity
of the trailing edge.

B. Generation of High Aspect Ratio Quadrilateral Elements in the

Viscous Regions

After the generation of a surface mesh, a structured grid is then
generated in the viscous regions. A preliminary step toward the
generation of the structured volume mesh is the computation of an
average surface normal for all the boundary grid points. The surface
normals at the boundary nodes are computed by looping over the
edges and scattering the contribution due to the edge to each of its two
nodes. Then amesh of quadrilateral cells is formed using the normals
at boundary points, the information about the boundary-layer thick-
ness, the number of boundary points in the boundary layers, and the
geometric progression normal to the surface, which is provided by a
user in the background grid. Finally, various criteria are used to
remove the unacceptable elements that overlap other cells, do not
have the desired shape or size or cross boundaries. Clearly, the
development of good element removal criteria is critical to generate
good semistructured quadrilateral grids. The criteria to be consideredFig. 1 Stretched elements are connected at sharp angles.
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are: element size, element shape, element overlap, and element
crossing of boundary faces.

1. Element Shape

As a result of folding away from concave surface, elements with
negative Jacobians may appear. All elements with negative volumes
are marked for deletion. One has observed that typically the elements
adjacent to negative elements tend to be highly deformed. Therefore,
all elements that have points in common with negative elements are
also removed. Obviously, this one-pass procedure can be extended to
several passes, i.e., neighbors of neighbors, etc. Our experience
indicates, however, that one pass is sufficient for most cases.

2. Element Shape

The aim of a semistructured mesh close to a wall is to provide
elements with very small size normal to the wall and reasonable size
along the wall. Because of different meshing requirements along the
wall, elements that are longer in the direction normal to the wall than
along the wall may appear. For the semistructured grids, the element
and point numbering is known. Therefore, a local element analysis
can be performed to determine whether the element has side-ratios

that are consistentwith boundary-layer gridding.All elements that do
not satisfy this criterion are marked for deletion.

3. Overlapping Elements

Overlapping elements will occur in regions close to concave
surfaces with high curvature, or when the semistructured grids of two
close objects overlap. Another possible scenario is the overlap of the
semistructured grids of mixing wakes. The main criterion employed
is to keep the smaller elements whenever an overlap occurs. In this
way, the small elements close to surfaces are always retained.

4. Elements Crossing Boundary Faces

In regions where the distance between surfaces is very small, the
crossing of boundary faces by elements from the semistructured
region is likely to occur. As this test is performed after the element
crossing tests are conducted, the only boundaries that need to be
treated are those that have no semistructured grid attached to it. To
detect if overlapping occurs, we loop over the surface faces, seeing if
any element crosses it. The face-crossing check looks essentially the
same as the check for overlapping elements.

Fig. 2 Surface mesh for RAE2822 airfoil and close-up of surface mesh at the trailing-edge region.

Fig. 3 Semistructured quadrilateral grid for the RAE2822 airfoil and closeup of quadrilateral elements in the vicinity of the trailing edge.

LUO, SPIEGEL, AND LÖHNER 2641

D
ow

nl
oa

de
d 

by
 U

N
IV

 P
O

L
IT

E
C

N
IC

A
 D

E
 C

A
T

A
L

U
N

Y
A

 o
n 

Ju
ly

 1
, 2

02
0 

| h
ttp

://
ar

c.
ai

aa
.o

rg
 | 

D
O

I:
 1

0.
25

14
/1

.J
05

04
91

 



Fig. 4 Unstructured Cartesian grid in the inviscid regions for the RAE2822 airfoil and closeup of Cartesian cells in the vicinity of the airfoil.

Fig. 5 The empty regions as a result of the trimming process and the resulting boundary triangulation, i.e., the initial front for these regions.

Fig. 6 Final generated hybrid grid for the RAE2822 airfoil and close-up of hybrid cells in the vicinity of the trailing edge.
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Fig. 7 Hybrid unstructured Cartesian and triangle grid for four letter AIAA configuration.

Fig. 8 Hybrid unstructured Cartesian and triangle grid for a three-element airfoil configuration.
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Figure 3 shows the resulting quadrilateral grids for the RAE2822
airfoil. Notice that quadrilateral cells are removed in the vicinity of
the trailing edge due to the automatic placement of a source,
rendering the region around the trailing edge isotropic and avoiding
the difficulty of generating good-quality highly stretched quadri-
lateral elements. The exposed faces in 2D will be used as the
boundary faces to remove the baseline Cartesian cells outside of
domain of interest.

C. Generation of Unstructured Cartesian Cells in the
Inviscid Regions

The generation of unstructured Cartesian cells in the inviscid
regions consists of the following two steps:

Generation of a Baseline Cartesian Grid: A baseline Cartesian
cell (root cell) covering the computational domain is first generated,
which is then subdivided into four Cartesian cells of equal size. In
turn, theseCartesian cells are refined again until a desired distribution
of cell sizes is achieved, which is determined by the grid sizes
specified via a backgroundmesh and/or sources provided by the user.
To minimize the numerical errors between cells, a smoothing of the
size difference among cells is performed, only allowing the size
difference between two adjacent cells to two.

Cutoff of the Cartesian Cells in the Vicinity of the Computational
Boundary: As the exposed faces and surface mesh are immersed in
the baseline Cartesian grid, the cells that have at least one node out of
the computational domain will be removed. This task is a specific
application of the classic “point in polyhedron“ problem, which is
resolved using the Alternating Digital Tree method and ray-casting
approach. The description ofAlternatingDigital Tree can be found in
[20]. Aftosmis et al. detailed an implementation of the ray-casting
method in [21]. To have adequate space for the unstructured grid
generation method to perform a triangulation, the neighboring
cells to the cutoff cells are also removed. Obviously, this one-pass

procedure can be extended to several passes, i.e., neighbors of
neighbors, etc. Our experience indicates, however, that two passes
are sufficient for most cases. Figure 4 shows the resulting Cartesian
grids for the RAE2822 airfoil as an illustrative example.

D. Generation of Unstructured Triangular/Tetrahedral Elements

in the Voids

The final step is to fill any voids in the computational domain as a
result of the trimming process using unstructured triangular cells.
Figure 5 shows the empty regions as a result of the trimming process,
which need to be triangulated. The resulting boundary triangulation,
i.e., the initial front for these regions is also illustrated in Fig. 5,where
the short red lines represent the normals to the boundary faces. Both
advancing front and Delaunay triangulation methods, which have
reached a quite mature stage, have been implemented to generate
triangular elements for these voids, although that the advancing front
method is used in this work. The details of the advancing front
method can be found in [4], where the generation of internal points is
described in detail. The final hybrid grid generated by the present
method is presented in Fig. 6.

The critical element of the hybrid mesh generation method
described above is a valid triangulation for the voids in the domain.
Ideally, all the boundary faces in close proximity for a void should
have the same length scale, which, together with an adequate space
as a result of trimming process, will lead to a good-quality trian-
gulation. For the generation of an inviscid isotropic grid where the
quadrilateral/prismatic elements do not exist, gridding these voids is
simple and straightforward. Because both boundary triangulation
and unstructured Cartesian cells are generated with the desired
element size specified via a backgroundmesh and/or sources, the size
of the surface faces is consistent and does not exhibit widely differing
length scales. However, for the generation of an anisotropic grid,
where highly stretched quadrilateral elements exist, some of the

Fig. 9 Hybrid semistructured quadrilateral, unstructured Cartesian, and triangular grid for a NACA0012 airfoil.
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exposed elements may have high aspect ratio. This can occurs if the
number of boundary points is not sufficient, if the local background
grid spacing is not prescribed properly, and if the interbody
separation is not large enough in case of existence of multibodies. As
a result, the length scales of some initial fronts, that are close to 1
another, may vary rapidly. This will have a disastrous effect on the
quality of elements to be generated in the voids and can even lead to a
failure of triangulation. The fundamental cause of this problem is that
the background grid spacing function,which uses background and/or
sources, can not completely control the size of semistructured
quadrilateral/prismatic elements. To overcome this problem, two
strategies are presented in this work. First the exposed elements
having a high aspect ratio are subsequently divided into two by
introducing a point in the middle of the exposed face until the aspect
ratio for all the exposed elements is smaller than a prescribed value.
This will avoid the abrupt variation of the length scales for all the
exposed boundary faces from the semistructured quadrilateral grid,
which will be served as a part of initial front for the triangulation of
the voids. Second, the background grid is adapted by inserting the
newly exposed points with the corrected spacing size, which will be
used to generate the Cartesian cells. This will guarantee that the

exposed boundary faces from theCartesian cells will have the consis-
tent and compatible spacing size as those from the semistructured
grid and the boundary definition.

III. Examples

A. Four Letter AIAA Configuration

A hybrid unstructured Cartesian and triangular grid is generated
for a square domain containing a four letter AIAA configuration. The
hybrid grid, consisting of 16,628Cartesian cells and 5347 triangles is
shown in Fig. 7. Observe the smooth transition between the
unstructured Cartesian and triangular grid regions.

B. Three-Element Airfoil Configuration

In this test case, an isotropic grid is generated for a three-element
airfoil configuration. The hybrid unstructured Cartesian and triangle
grid is shown in Fig. 8 and consists of 13,892 Cartesian cells and
3981 triangular elements. As in the previous example, a very smooth
transition between the unstructured Cartesian and triangular grid
regions is noticed everywhere for this complex configuration,

Fig. 10 Hybrid semistructured quadrilateral, unstructured Cartesian, and triangular grid for a three-element airfoil.
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indicating the ability of the present hybrid grid generation method
for generating a good-quality, isotropic, and mixed unstructured
Cartesian and triangular grid for complex geometries.

C. NACA 0012 Airfoil Configuration

A hybrid quadrilateral, Cartesian, and triangular grid is generated
for a NACA0012 airfoil using the present hybrid grid generation
method. The resulting mixed grid is shown in Fig. 9 and consists of
2930 quadrilaterals, 9197 Cartesian cells, and 1201 triangles. The
trailing edge as a geometrical singularity is identified and a source is
automatically added, rendering the region around the trailing edge
isotropic where the isotropic triangular and Cartesian cells are
generated and avoiding the difficulty of generating good-quality
highly stretched quadrilateral elements. Thus, the current hybrid grid
generation method has the ability to provide the much-needed grid
resolution for such singularity points. One can observe that the
transition between the semistructured quadrilateral and unstructured
triangular grid regions is as smooth as the one between unstructured
Cartesian and triangular grid regions everywhere for this simple
configuration, demonstrating the ability of the present hybrid grid
generation method for generating a good-quality, and mixed
semistructured quadrilateral, unstructured Cartesian, and unstruc-
tured triangular grid.

D. Multielement Airfoil Geometry

The same three-element airfoil geometry considered in test case B
is reconsidered in this case for the generation of a hybrid quadri-
lateral, Cartesian, and triangular grid. The input file is practically the
same as the one used in the test case B except the three additional
parameters which specify the boundary thickness, the number of
points in the boundary layer, and the geometric progression factor.
The sources that are responsible for proper clustering toward the
corners are defined and added automatically. The generated hybrid
quadrilateral, Cartesian, and triangular grid is shown in Fig. 10 and
consists of 12,179 quadrilateral elements, 13,245 Cartesian cells and
7877 triangular elements, where the quadrilateral elements in the
boundary layers are intentionally left undivided to demonstrate that
points are introduced in the middle of the exposed faces having a
much larger length scale than the one prescribed by the background
grid. One can observe the good-quality of elements in the concave
region of the main element and the region between the trailing edge
of themain element and the trailing-edge slat, due to the self-dividing
the exposed quadrilateral elements and adaptation of the background
mesh using the cell size information from the exposed semistructured
elements. As in the previous example, a very smooth transition
between Cartesian and triangular grid regions and quadrilateral and
triangular grid regions is noticed everywhere for this complex config-
uration, indicating the ability of the present hybrid grid generation
method for generating a hybrid, good-quality, quadrilateral,
Cartesian, and triangular grid for complex geometries.

IV. Conclusions

A hybrid grid generation method for generating a hybrid quadri-
lateral, Cartesian, and triangular grid has been presented for complex
geometries. The developed hybrid grid generation method is based
on a combination of semistructured quadrilateral, quad Cartesian,
and unstructured triangular meshing techniques thatmakes use of the
strengths of these three approaches while avoiding their respective
weaknesses. This hybrid grid generation method generates good-
quality high aspect ratio quadrilateral elements in the anisotropic
regions of flow, Cartesian cells in the isotropic regions of flow, and
unstructured triangular elements for the transition between these two
regions. The automatic placement of sources at the geometrical
singularities has been found to be effective to avoid the difficulty of
meshing these regions using anisotropic elements. The self-dividing
of the exposed semistructured elements with high aspect ratio and the
adaptation of the background mesh using the cell size information
from the exposed semistructured elements have been found to be
important and critical to generate good-quality triangles and ensure

the success of triangulation in the voids, to provide a smooth
transition between the semistructured grid and theCartesian grid, and
ultimately improve the robustness of this hybrid grid generation
method. The developed hybrid mesh generation method has been
illustrated for several examples, demonstrating its ability to generate
hybrid unstructured quadrilateral, Cartesian, and triangular grids for
complex geometries. Further effort will be focused on extending this
hybrid method for three dimensional problems.
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