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Summary. This study presents the results of a FEM numerical simulation of a large scale 

physical model of a slope subjected to rainfall infiltration. The slope failure is modelled as a 

coupled variably saturated thermo-hydro-mechanical problem, using the Pastor-Zienkiewicz 

generalised plasticity model to obtain the soil’s mechanical response. Small strain and quasi-

static loading conditions are assumed, and plane strain conditions are adopted in the slope 

stability analysis. The hydraulic and mechanical parameters are calibrated based on the 

available experimental data. The numerical results are compared with the experimental data of 

the mechanical and the hydraulic responses up to failure. 

1 INTRODUCTION 

Heavy rainfall can trigger a slope failure in the case, for example, of a shallow soil deposit 

of different grading and origin, which is in a state of partial saturation. In this type of slope 

instability, the slope failure is associated with changes in the pore-water pressure, the 

retention properties and the stress state during rainfall infiltration, as well as with changes in 

the soil properties caused by the progressive water infiltration [1], which involves both 

mechanical and hydrological processes.  

In order to understand these key physical processes, a large-scale physical model of a slope 

is tested. The slope comprised a shallow upper layer of fine loose sand overlying a well-

compacted sandy clay bed. Sensors and optical fibres were introduced within the upper layer 

to monitor the pore water pressure, the moisture content and the strain [2, 3]. Rainfall was 

artificially applied by a system of nozzles with drops of a small diameter to avoid surface 

erosion [2]. During rainfall, a wetting front moved downward reaching the interface with the 

sandy clay bed. This led to saturation of the upper soil layer, resulting in an increase of pore 

water pressure. The increase in pore pressure resulted in a reduction in effective stress, which 

in turn diminished the shear strength of the soil. This ultimately resulted in slope failure at the 

interface between the two soils [3].  
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Herein, the rainfall induced slope failure is modelled as a coupled variably saturated 

thermo-hydro-mechanical problem using the geometrically linear finite element code Comes-

Geo [4]. The problem is solved in the quasi-static [5] regime using Taylor-Hood finite 

elements [6-7]. For the loose sand layer, the Pastor-Zienkiewicz generalised plasticity model 

[8] is used, in which yield and plastic potential surfaces are not explicitly required. The 

comparison between the experimental and the numerical results is presented, showing the 

capability of the numerical model to describe the experimental results and provide us with an 

insight of the triggering mechanisms during the progressive failure of the experimental slope.  

This work aims to emphasize the importance of the multiphase modelling for the 

simulation of the hydro-mechanical behaviour of variably saturated slopes, as a useful 

numerical tool for the development of landslide early warning systems. 

In the following, we first summarize the mathematical and finite element model for 

multiphase geomaterials. Then a short description of the experiment along with the numerical 

modelling follows. Finally, the results of the thermo-hydro-mechanical analysis are presented 

and discussed. 

The interested reader will found in [26] the results of the full numerical simulation of the 

experimental slope of this work extending the model adopted here to dynamics, using for the 

loose sand layer the Bolzon-Schrefler constitutive model for non-isothermal variably 

saturated sands, studying the instability of the slope using the local and global Hill sufficient 

stability criterion and comparing the numerical results with the following measured data: 

water content in six WCR, water pressure in six TDR, water outflow at the toe of the slope 

and axial strain and temperature at the interface between the sand layer and the sandy clay 

bed. 

2 MATHEMATICAL MODEL 

The mathematical model necessary to simulate the thermo-hydro-mechanical behaviour of 

fully and partially saturated porous media is developed within the Hybrid Mixture Theory [4], 

[9] using the averaging theories by [10-12]. For sake of brevity only a general description of 

the mathematical framework of the model with its basic assumptions will be presented 

hereafter.  

The variably saturated porous medium, such as a slope, is treated as a multiphase system 

consisting of a solid skeleton with open pores filled with liquid water and gas. The gas phase 

is modelled as an ideal gas composed of dry air (non-condensable gas) and water vapour 

(condensable gas), which are considered as two miscible species. Phase changes of water 

(evaporation and condensation) as well as heat transfer through conduction and convection 

are considered. All fluid phases are in contact with the solid phase and the solid is deformable 

resulting in coupling of the fluid, the solid and the thermal fields. In the partially saturated 

zones the liquid water is separated from its vapour by a concave meniscus (capillary water). 

Due to the curvature of this meniscus, the sorption equilibrium equation [13] gives the 

relationship, pc = pg − pw between the capillary pressure pc (also known as matric suction), gas 

pressure pg and liquid water pressure pw. 

The final model consists of four balance equations: mass balance of the dry air, mass 

balance of water species, enthalpy of the whole medium and the equilibrium equation of the 

multiphase medium. They are completed with appropriate constitutive equations for fluids 
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and solid phases. The balance equations were developed in geometrically linear framework 

and are written in this paper at the macroscopic level considering quasi-static loading 

conditions [5]. The chosen state variables are: gas pressure pg, capillary pressure pc, 

temperature T and the displacement vector of solid matrix u.  

In the following, direct notation will be adopted. Boldface letters will denote vector or 

tensors and lightface italic letters will be used for scalar quantities. 

2.1 Governing equations 

The equilibrium equation of the mixture in terms of generalized effective Cauchy’s stress 

tensor σ′(x, t) [4] assumes the form: 

( )div 0
g c

wp S p ρ − − + =  1 gσ  
(1) 

where ρ = [1−n]ρs+nSwρw+nSgρ
g is the mass density of the overall medium, n(x, t) is the 

porosity, Sw(x, t) and Sg(x, t) are respectively the water and gas degree of saturation, g is the 

gravity acceleration vector and 1 is the second order identity tensor.  

The mass conservation equation for the mixture of solid skeleton, liquid water and its 

vapour is: 
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where k(x, t) = k(x, t)1 is the intrinsic permeability tensor of the porous matrix in π-fluid 

saturated condition [m2], which is assumed to be isotropic, kr(x,t) is the fluid relative 

permeability parameter and (x, t) is the dynamic viscosity of the fluid, with π= w, g.  gw

gD is 

the effective diffusivity tensor of water vapour in the gas phase contained within the pore 

space, βswg = βs(1−n)·(Sg ρ
gw+ ρwSw) and Mα, Mw and Mg(x,t) are the molar mass of dry air, 

liquid water and gas mixture, respectively. 

Similarly, the mass balance equation for the dry air is: 
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The enthalpy balance equation of the mixture has the following form: 
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where, ρ(Cp)eff is the effective thermal capacity of the porous medium,  ( ), w

pC tx  and ( ), g

pC tx

are the specific heat of the water and gas mixture respectively, and χeff(x, t) is the effective 

thermal conductivity of the porous medium. The right hand side term of Eq. (4) considers the 

contribution of the evaporation and condensation. 

2.2 Constitutive equations 

To complete the description of the mechanical behaviour, constitutive equations have to be 

specified. For the gas phase which is assumed to be a perfect mixture of two ideal gases, the 

state equation of a perfect gas (Clapeyron’s equation) and Dalton’s law are applied to dry air 

(gα), water vapour (gw) and moist air (g). In the partially saturated zones, the water vapour 

pressure pgw(x, t) is obtained from the Kelvin-Laplace equation. The saturation Sπ(x, t) and the 

relative permeability krπ(x,t) are experimentally determined functions of the capillary pressure 

pc and the temperature T.  

The behaviour of the solid skeleton is described within the framework of Generalized 

Plasticity [14] and in particular with the Pastor-Zienkiewicz constitutive model [15]. In order 

to introduce the dependency on the increment of stress tensor, a direction n discriminating 

between states of loading (L) and unloading (U) is introduced as: 

d : d , : d 0 loading=  →C n σ
L e

   
(5) 

d : d , : d 0 unloading=  →C n σ
U e

    

where dσe is the elastic stress increment obtained if the material behaved elastically. The 

neutral loading corresponds to the limit case for which n:dσe=0. Continuity between loading 

and unloading processes requires the constitutive tensors for loading and unloading should be 

of the form: 

1
= + C C n n

L e

gL

LH
 

(6) 

1
= + C C n n

U e

gU

UH
 

 

where Ce is a fourth-order tensor characterizing the elastic behaviour of the material, ngL/U are 

two unit tensors defining the plastic flow direction in loading (L) and unloading (U) and HL/U 

are two scalar functions defined as loading (L) and unloading (U) plastic modulus. From Eq. 

(6) it follows that the total strain increments can be divided into elastic and plastic 

components, as: 
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d  d  d= +
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Therefore, to fully characterize the material behaviour within a generalized plasticity 

approach, the following items need to be provided [16]: the elastic constitutive tensor Ce, the 

unit tensor n discriminating loading and unloading conditions, the unit tensor describing the 

direction of plastic flow ngL/U in loading and unloading and finally the loading and unloading 

plastic moduli HL/U. 

 

Elasticity 

 

The model assumes a non-linear elastic response of soils, in which the bulk modulus K and 

the shear modulus G consider pressure-dependence, according to the following relationships: 


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(8) 

where Kref and Gref are material parameters at the reference mean effective stress, p'ref   

 

Loading and unloading directions 

 

The plastic strain direction unit tensor in loading is defined in the triaxial space as [15]: 
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where the dilatancy term dg, defined as the ratio between the increments of plastic volumetric 

and shear strain, is given by: 

( )( )1= + −g gd a M   
(10) 

and Mg and α are material parameters. In this expression, the term Mg corresponds to the slope 

of the critical state line in the {p',q} plane under triaxial compression. Dilatancy is zero at the 

line η= Mg where η is the stress ratio q/p'. During unloading, plastic strain direction unit 

tensor ngU is provided by [15]: 
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For non-associative flow rule, direction n should be specified as different from ngL: 
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where df is given by: 

( )( )1= + −f fd a M   
(13) 

The associative behaviour is recovered by setting Mg = Mf. 

 

Plastic modulus 

 

The plastic modulus, which is postulated directly without introducing any hardening law and 

consistency condition [15], is:   

( )= +L 0 f v s DmH H p H H H H  (14) 

In the above equation H0 is a multiplying factor related to plastic strains at the beginning of 

the loading process, Hs is a function of the accumulated plastic deviatoric strain and Hv refers 

to the volumetric strain hardening: 
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HDm is a function that incorporates material memory: 

=
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in which ζ is the mobilized stress function defined as: 
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The definition of the coefficients of the Pastor-Zienkiewicz model can be found in [17]. 

2.3 Finite element formulation 

The model described above has been implemented in the finite element code for 

multiphase porous media Comes-Geo, developed at the University of Padova (i.e. [4, 5], [18-

22]). The finite element model is derived by applying the Galerkin procedure for the spatial 

integration with different order of interpolation functions for solid displacements (biquadratic) 

and fluid pressures/temperature (bilinear), and the Generalized Trapezoidal Method for the 

time integration of the weak form of the balance equations summarized in the previous 

section. Details concerning the matrices and the residual vector of the linearized equations 

system of the finite element model can be found in [5]. 
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3 NUMERICAL SIMULATION OF AN EXPERIMENTAL HILLSLOPE 

SUBJECTED TO RAINFALL 

3.1 The experimental hillslope and model setup 

The experiment which was carried out in the University of Padova [3], considers a slope 

failure triggered by rainfall infiltration. It was carried out on a large-scale physical model of a 

slope built inside a 6 x 2 m reinforced concrete container structure (Figure 1a). The slope toe 

consists of a porous wall made of hollow bricks, allowing water to discharge. The slope 

consists of two soil layers: a constant thickness layer of permeable soil made of fine loose 

sand, overlaying a less permeable, well-compacted sandy clay. The artificial rainfall with a 

steady intensity of 160 mm/h is applied on the slope surface until the slope collapse.  

 

 

 

(a) (b) 

Figure 1: (a) Geometry, soil layers and monitoring points of the experimental model [2] and (b) finite element 

mesh of the numerical model and boundary conditions. 

In Figure 1b the finite element model of the slope is presented along with the applied 

boundary conditions. The mesh is composed of 1008 eight-node quadrilateral Taylor-Hood 

elements and plane strain conditions are assumed. The vertical and horizontal displacements 

are constrained at the bottom surface while only the horizontal displacements are constrained 

at the lateral surfaces. Initially, the stress state is computed in equilibrium with the gravity 

load and the initial conditions. Then, rainfall infiltration is simulated by means of an imposed 

boundary flux of 160 mm/h along the upper surface. The left and bottom boundaries are 

considered impermeable, the upper and sloped boundary are at atmospheric pressure, while 

the toe is a seepage face boundary [23].  

The mechanical material properties for the loose sand layer are mainly derived from the 

experimental results taken from [24], and are summarized in Table 1. For the water degree of 

saturation and the water relative permeability, van Genuchten relations [25] are used and the 

parameters for the curves can be found in [24].   
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Table 1: Model parameters for the loose sand layer. 

Parameter Value 

E [MPa] 4.0 

v [-] 0.3 

n [-] 0.5 

ρs [kg/m3] 2718 

Mg [-] 1.35 

Mf [-] 0.5 

ag = af  [-] 0.45 

β0 [-] 2.25 

β1 [-] 0.2 

Η0 [-] 4000 

3.2 Results  

Figure 2 and Figure 3 show the comparison of the experimental data with the numerical 

results as a function of time from the beginning of rainfall. Results are presented at two 

different positions along the slope for the pore water pressure and the volumetric water 

content. As shown from the volumetric water content the slope is gradually driven to 

saturation through vertical water flow. A first sharp increase in pore water pressure and 

volumetric water content is observed in the uppermost positions (i.e. position 1) followed by 

the deeper ones (i.e. position 2).  The infiltration front propagates from the top surface of the 

slope to the interface of the two soil layers. Only a small fraction of the infiltrating water is 

absorbed by the less permeable clay layer. The positive values of pore water pressure for the 

deeper sensor indicates the development of saturated front moving upwards until the 

formation of a perched water table that gradually rises to the top of the slope as shown in 

Figure 4a. With increasing water content the capillary force acting between the soil particles 

decreases, leading to loss of strength for the soil and finally to the slope collapse at 135 min, 

that is approximately the actual time of the failure of the experiment.  

It is observed that the model is able to capture this behaviour and the numerical results are 

in excellent agreement with the experimental data both in terms of pore water pressure and 

volumetric water content.  

  

Figure 2: Comparison between the numerical and experimental pore water pressure, pw, at positions 1 and 2. 
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Figure 3: Comparison between the numerical and experimental volumetric water content, θ, at positions 1 and 2. 

  
(a) (b) 

  

(c) (d) 

Figure 4: Contours of a) water degree of saturation, (b) displacements, (c) volumetric plastic strain and (d) 

deviatoric plastic strain at failure (135min). 

The distribution of displacements along the slope at failure is depicted in Figure 4b. The 

soil top surface develops higher displacement as the material fails and slides towards the toe 

of the slope, in consistency with the failure profile of the experiment. 

The distribution and the development of the deviator plastic strain as well as volumetric 
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plastic strain are presented in Figure 4c, d respectively. The plastic strains at failure are 

bounded to the upper and mid-lower part of the slope, where mobilization, dilatancy and 

sliding of the material occurred without reaching the toe, and the maximum values mainly 

concentrate close to the interface between the two layers. This behaviour was also observed in 

the experiment [3].  

4 CONCLUSIONS 

In this paper, the finite element analysis of a large-scale experimental slope subjected to 

rainfall is considered as a coupled variably saturated thermo-hydro-mechanical problem. A 

multiphase model is used in conjunction with the Pastor-Zienkiewicz model for the soil. 

Thermal effects are negligible and the problem is solved assuming quasi-static loading 

conditions. The examination of both pore water pressure and volumetric water content 

revealed that the increase in pore pressures triggered the slope collapse at the interface 

between the two soil layers, with slope failure occurring approximately at the actual time of 

failure in the experiment. It is shown that the numerical model can predict the experimental 

observations very well, both in terms of the hydraulic and mechanical behaviour, highlighting 

the importance of multiphase modelling in the analysis and prediction of landslide 

phenomena. 
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